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A generalization of manifolds with corners 


Dominic Joyce 


Abstract 

In conventional Differential Geometry one studies manifolds, locally 
modelled on R", manifolds with boundary, locally modelled on [0, oo) x 
R"“^, and manifolds with corners, locally modelled on [0,00)*^ x R"“*’. 
They form categories Man C Man^ C Man*^. Manifolds with corners X 
have boundaries dX, also manifolds with corners, with dim dX = dim X— 1 . 

We introduce a new notion of manifolds with generalized comers, or 
manifolds with g-comers, extending manifolds with corners, which form 
a category Man®"^ with Man C Man*’ C Man*’ C Man®’’. Manifolds 
with g-corners are locally modelled on Xp = HomMon(r’, [0, 00)) for P a 
weakly toric monoid, where Xp = [0, 00)^ x for P = N*' x . 

Most differential geometry of manifolds with corners extends nicely to 
manifolds with g-corners, including well-behaved boundaries dX. In some 
ways manifolds with g-corners have better properties than manifolds with 
corners; in particular, transverse fibre products in Man®“ exist under 
much weaker conditions than in Man'’. 

This paper was motivated by future applications in symplectic geom¬ 
etry, in which some moduli spaces of J-holomorphic curves can be mani¬ 
folds or Kuranishi spaces with g-corners rather than ordinary corners. 

Our manifolds with g-corners are related to the ‘interior binomial va¬ 
rieties’ of Kottke and Melrose m, and the ‘positive log differentiable 
spaces’ of Gillam and Molcho [^. 
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1 Introduction 

Manifolds with corners are differential-geometric spaces locally modelled on 
= [ 0 , oo)^ X K."”*, just as manifolds are spaces locally modelled on R". Man¬ 
ifolds with corners form a category Man*^, containing manifolds Man C Man"^ 
as a full subcategory. Some references are Melrose and the author [Sj. 

This paper introduces an extension of manifolds with corners, called mani¬ 
folds with generalized corners, or manifolds with g-corners. They are differential- 
geometric spaces locally modelled on Xp = HomMon(P, [ 0 , cxd)) for P a weakly 
toric monoid, where Mon is the category of (commutative) monoids, and [ 0 , oo) 
is a monoid under multiplication. When P = x we have Xp = R.^ = 

[ 0 , cxd)^ X K"“^, so the local models include those for manifolds with corners. 
Manifolds with g-corners form a category Man®"^, which contains manifolds 
with corners Man"^ C Man®"^ as a full subcategory. 

To convey the idea, we start with an example: 

Example 1.1. The simplest manifold with g-corners which is not a manifold 
with corners is X = {^{xi,X2,X3,X4) € [0,00)"^ : xiX2 = 0:3X4}. We have 
X = Xp, where P is the monoid P — {{a,b,c) € : c^a-\-b}. 

Then X is 3 -dimensional, and has four 2 -dimensional boundary faces 

-^i3 = {(a:i,0,X3,0) : xi, X3 e [ 0 , 00)}, X14 = {(xi, 0 , 0 , X4) : xi, X4€ [ 0 , 00)}, 
-’f23 = {(0,X2,X3,0) : X2,X3e[0, 00)}, X24 = {( 0 , X2, 0 , X4) : X2,X4€[0, 00)}, 
and four 1 -dimensional edges 

Xi = {(xi, 0 , 0 , 0 ) : xi e [ 0 , 00)}, 

-^3 = {(0,0,X3,0) : X 3 e [0, 00 )}, 


2 


X2 = {(0,X2,0, 0) : X 2 e [0, 00)}, 
X4 = {(0, 0,0,X4) : X4 S [0, 00)}, 
































all meeting at the vertex (0,0, 0,0) G X. In a 3-manifold with (ordinary) corners 
such as [0, oo)^, three 2-dimensional boundary faces and three 1-dimensional 
edges meet at each vertex, so X has an exotic corner structure at (0, 0,0,0). 

Most of the important differential geometry of manifolds with corners ex¬ 
tends to manifolds with g-corners, and in some respects manifolds with g-corners 
are better behaved than manifolds with corners. In particular, for manifolds 
with corners, transverse fibre products X Xg^z,h Y in Man'^ exist only under 
restrictive combinatorial conditions on the boundary strata d^X,d^Y,d^Z, but 
for manifolds with g-corners, transverse fibre products X Xg^z,h Y in 
exist under much milder assumptions. One can in fact regard Man®^^ as being 
a kind of closure of Man"^ under a certain class of transverse fibre products. 

The author’s motivation for introducing manifolds with g-corners concerns 
eventual applications in symplectic geometry. As we explain in il4.41 Kuranishi 
spaces are a geometric structure on moduli spaces of J-holomorphic curves in 
symplectic geometry, introduced by Fukaya, Oh, Ohta and Ono 011]. Finding a 
good definition of Kuranishi space has a problem from the outset. Recently the 
author gave a new definition HD, and explained that Kuranishi spaces should 
be interpreted as derived smooth orbifolds, where ‘derived’ is in the sense of the 
Derived Algebraic Geometry of Jacob Lurie and Toen-Vezzosi. 

Given a suitable category of manifolds, such as manifolds without bound¬ 
ary Man or manifolds with corners Man'’, the author [T^] defines a 2-category 
of Kuranishi spaces Kur or Kuranishi spaces with corners Kur'’ containing 
Man C Kur and Man” C Kur” as full (2-)subcategories. Beginning with 
manifolds with g-corners, the same construction yields a 2-category Kur®” 
of Kuranishi spaces with g-corners Kur®” with full (2-)subcategories Kur C 
Kur” C Kur®” and Man C Man” C Man®” C Kur®”. 

For some applications the author is planning, it will be important to work 
in Kur®” rather than Kur”. One reason is that fibre products in Kur®” exist 
under milder conditions than in Kur” (basically, some fibre products in Kur” 
ought to be Kuranishi spaces with g-corners rather than ordinary corners, and 
so exist in Kur®” but not in Kur”) and this is needed in some constructions. 

A second reason is that some classes of moduli spaces of J-holomorphic 
curves will be Kuranishi spaces with g-corners rather than ordinary corners. 
Ma’u, Wehrheim and Woodward [UlMlIMiSl], study moduli spaces of pseudo- 
holomorphic quilts, which are used to define actions of Lagrangian correspon¬ 
dences on Lagrangian Floer cohomology and Fukaya categories. 

Ma’u and Woodward [24] define moduli spaces Ain.i of ‘stable n-marked 
quilted discs’. As in [24l §6], for n A these are not manifolds with corners, 
but have an exotic corner structure; in the language of this paper, the A4„p 
are manifolds with g-corners. More generally, one should expect moduli spaces 
of stable marked quilted J-holomorphic curves to be Kuranishi spaces with g- 
corners. Pardon |31] uses moduli spaces of J-holomorphic curves with g-corners 
to define contact homology of Legendrian submanifolds. 

Manifolds with g-corners may also occur in moduli problems elsewhere in 
geometry. Work of Chris Kottke (private communication) suggests that natural 
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compactifications of SU(2) magnetic monopole spaces may have the structure 
of manifolds with g-corners. 

In [13] the author defines ‘M-homology’, a new homology theory R) 

of a manifold Y and a commutative ring i?, canonically isomorphic to ordinary 
homology H^{Y]R). The chains MCk(Y; R) for MH^{Y\R) are i?-modules 
generated by quadruples [V, n, s, t] for V an oriented manifold with corners (or 
something similar) with dimy = n + fc and s '.V ^ K”, t : V ^ Y smooth maps 
with s proper near 0 in K.". In future work the author will define virtual chains 
for Kuranishi spaces in M-homology, for applications in symplectic geometry. 
The set-up of m allows y to be a manifold with g-corners. 

The inspiration for this paper came from two main sources. Firstly, Kottke 
and Melrose [201 §9] define interior binomial varieties X G Y, which in our 
language are a manifold with g-corners X embedded as a submanifold of a 
manifold with corners Y. They study transverse fibre products W = X Xg^z,hY 
in Man'’, and observe that often the fibre product may not exist as a manifold 
with corners, but still makes sense as an interior binomial variety W G X x Y . 

For Kottke and Melrose, the exotic corners of interior binomial varieties are a 
problem to be eliminated, and one of their main results [201 §10] in our language 
is essentially an algorithm to repeatedly blow up a manifold with g-corners 
(interior binomial variety) X at its corner strata to obtain a manifold with 
corners X. In contrast, we embrace manifolds with g-corners as an attractive 
new idea, which are just as good as manifolds with corners for many purposes. 
It seems clear from [20] that Kottke and Melrose could have written a paper 
similar to this one, had they wanted to. 

Kottke m translates the results of |2^ into our language of manifolds with 
g-corners and extends them, explaining how (after making some discrete choices) 
to blow up a manifold with g-corners X to get a manifold with corners X with 
a proper, surjective blow-down map tt : X ^ X satisfying a universal property, 
and that such blow-ups pull back by interior maps / : —>■ X 2 in Man®'’. 

Secondly, as part of a project to generalize logarithmic geometry in algebraic 
geometry, Gillam and Molcho jS] §6] define a category of positive log differen¬ 
tiable spaces, singular differential-geometric spaces with good notions of bound¬ 
ary and corners. In their setting, manifolds with g-corners (or manifolds with 
corners) correspond to positive log differentiable spaces which are log smooth (or 
log smooth with free log structure). Their morphisms correspond to our interior 
maps. Motivated by |6], the author learnt a lot of useful material on monoids 
and log smoothness from the literature on logarithmic geometry, in particular 
Ogus [30], Gillam [5], Kazuya Kato [I71[T3] and Fumiharo Kato [T31IT^ . 

We begin in S[2] with background material on manifolds with corners. The 
category Man®'’ of manifolds with g-corners is defined in S[31 Section jTj studies 
the differential geometry of manifolds with g-corners, including immersions, em¬ 
beddings, submanifolds, and existence of fibre products under suitable transver- 
sality conditions. Longer proofs of theorems in (21 are postponed to 21 

Acknowledgements. I would like to thank Lino Amorim and Chris Kottke for 
helpful conversations, Paul Seidel for pointing out the references [23l[24ll32lj34] . 
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and a referee for helpful comments. This research was supported by EPSRC 
grants EP/H035303/1 and EP/J016950/1. 

2 Manifolds with corners 

We discuss the category of manifolds with corners, spaces locally modelled on 
Rfc = [0, oo)^ X K"”* for 0 ^ fc ^ n. Some references are Melrose [26H28] and 
the author [S], [21 §5], [HI §3.1-§3.3]. 

2.1 The definition of manifolds with corners 

We now define the category Man"^ of manifolds with corners. The relation of 
our definitions to other definitions in the literature is explained in Remark 12.41 

Definition 2.1. Use the notation R™ = [0,oo)^ x for 0 ^ fc ^ m, and 

write points of as u = (ui,..., Um) for ui,... ,Uk S [0, oo), Uk+i, ■ ■ ■, Um G 
R. Let U C R™ and U C R" be open, and / = (/i,..., /„) :[/—>• U be a 
continuous map, so that fj = fjiui ,..., Um) maps U —>■ [0, oo) for j = !,...,/ 
and 17 —>■ R for j = Z + 1,..., n. Then we say: 

(a) / is weakly smooth if all derivatives , Um) : 17 ^ R ex¬ 

ist and are continuous in for all j = 1,..., m and oi,..., Om ^ 0, including 
one-sided derivatives where = 0 for * = 1,..., fc. 

By Seeley’s Extension Theorem, this is equivalent to requiring fj to extend 
to a smooth function /j : 17' —>■ R on open neighbourhood U' of U in R"*. 

(b) / is smooth if it is weakly smooth and every u = {ui ,..., Um) S U has an 
open neighbourhood 17 in 17 such that for each j = 1,..., 1, either: 

(i) we may uniquely write fj{ui ,..., u^) = Fj{ui,..., 

for all (ui,... ,Um) & U, where Fj : U ^ (0, oo) is weakly smooth 
and aij ,..., Okj € N = {0,1, 2,...}, with Uij = 0 if ^ 0; or 

(ii) fj\u = 0- 

(c) / is interior if it is smooth, and case (b)(ii) does not occur. 

(d) / is b-normal if it is interior, and in case (b)(i), for each i = 1,... ,k we 
have Oij > 0 for at most one j = 

(e) / is strongly smooth if it is smooth, and in case (b)(i), for each j = 1,..., 1 
we have Oij = 1 for at most one i = 1,..., k, and = 0 otherwise. 

(f) / is simple if it is interior, and in case (b)(i), for each i = 1,... ,k with 
Mi = 0 we have Oij = 1 for exactly one j = 1,... ,l and Oij = 0 otherwise, 
and for all j = 1,..., 1 we have Oij = 1 for at most one i = 1,... ,k. 

Simple maps are strongly smooth and b-normal. 
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(g) / is a dijjeomorphism if it is a bijection, and both f : U ^ V and / ^ : 
V ^ U are weakly smooth. 

This implies that f,f~^ are also smooth, interior, b-normal, strongly 
smooth, and simple. Hence, all the different definitions of smooth maps of 
manifolds with corners we discuss yield the same notion of diffeomorphism. 

All seven of these classes of maps f : U ^ V include identities, and are 
closed under compositions from f : U ^ V, g : V ^ W to g o f : U ^ W. 
Thus, each of them makes the open subsets U C ffi.™ for all m, k into a category. 

Definition 2.2. Let X be a second countable Hausdorff topological space. An 
m-dimensional chart on X is a pair where U C R™ is open for some 

0 ^ fc ^ TO, and (j) : U —>■ X is a homeomorphism with an open set 0(C/) C X. 

Let (t7, (j)), {V, ijj) be TO-dimensional charts on X. We call ([/, cj)) and (H, ip) 
compatible if o cp : (p~^ {(piU) n ip{V)) ip~^ {4‘{U) n ip{V)) is a diffeomor¬ 
phism between open subsets of R.™, R™, in the sense of Definition 12.If g'). 

An m-dimensional atlas for X is a system {{Ua^fpo) '■ o, G A} of pairwise 
compatible TO-dimensional charts on X with X = We call such 

an atlas maximal if it is not a proper subset of any other atlas. Any atlas 
{{Ua^ (pa) ■ a G A} is contained in a unique maximal atlas, the set of all charts 
{U, (p) of this type on X which are compatible with {Ua, (pa) for all a G A. 

An m-dimensional manifold with corners is a second countable Hausdorff 
topological space X equipped with a maximal m-dimensional atlas. Usually we 
refer to X as the manifold, leaving the atlas implicit, and by a chart (U, (p) on 
X, we mean an element of the maximal atlas. 

Now let X, Y be manifolds with corners of dimensions to, n, and f : X ^ Y 
a continuous map. We call / weakly smooth, or smooth, or interior, or h-normal, 
or strongly smooth, or simple, if whenever (U, (p), (V, ip) are charts on X, Y with 
U C R^, U C R" open, then 

ip~'^ o f o(P: {f o(P)-'^{iP{V)) —(2.1) 

is weakly smooth, or smooth, or interior, or b-normal, or strongly smooth, or 
simple, respectively, as maps between open subsets of R™, R" in the sense of Def- 
inition ITT] It is sufficient to check this on any collections of charts {Ua, (pa)a^A 
covering X and {Vb,ipb)beB covering Y. 

We call f : X ^ Y a, diffeomorphism if / is a bijection and f : X ^ Y, 

: y —>■ X are weakly smooth. This implies that /, f~^ are also smooth, 
interior, strongly smooth, and simple. 

These seven classes of (a) weakly smooth maps, (b) smooth maps, (c) interior 
maps, (d) b-normal maps, (e) strongly smooth maps, (f) simple maps, and (g) 
diffeomorphisms, of manifolds with corners, all contain identities and are closed 
under composition, so each makes manifolds with corners into a category. 

In this paper, we work with smooth maps of manifolds with corners (as we 
have defined them), and we write Man'^ for the category with objects manifolds 
with corners X, Y, and morphisms smooth maps / : X —>■ Y in the sense above. 


6 


We will also write Man?^, Man^^, Man? , Man^j for the subcategories of 
Man'^ with morphisms interior maps, and strongly smooth maps, and interior 
strongly smooth maps, and simple maps, respectively. 

Write Man'^ for the category whose objects are disjoint unions 
where is a manifold with corners of dimension m, allowing Xm = 0, and 
whose morphisms are continuous maps / ; lJm=0 1J“ Yn , such that 

flx^nf-'^iVn) ■ n f~^{Yn) —>• is a smooth map of manifolds with corners 

for all m,n ^ 0. Objects of Man'^ will be called manifolds with corners of mixed 
dimension. We regard Man^^ as a full subcategory of Man^^. 

Alternatively, we can regard Man'^ as the category defined exactly as for 
Man'^ above, except that in defining atlases {{Ua,4>a) : a G A} on A, we 
omit the condition that all charts {Ua,4>a) in the atlas must have the same 
dimension dim Ua = m. 

We will also write Man?^, Matig^, Manjg, ManG for the subcategories of 
Man^ with the same objects, and morphisms interior, or strongly smooth, or 
interior strongly smooth, or simple maps, respectively. 

Example 2.3. (i) / : K. —^ [0, oo), f{x) = is weakly smooth but not smooth. 

(ii) / : R —>■ [0, cx)), f{x) = + 1 is strongly smooth and interior. 

(iii) / : [0, oo) —)• [0, oo), f[x) = x^ is interior, but not strongly smooth. 

(iv) /:*—>• [0, oo), /(*) = 0 is strongly smooth but not interior. 

(v) / : * ^ [0, oo), /(*) = 1 is strongly smooth and interior. 

(vi) / : [0, oo)^ —>■ [0, oo), f{x, y) = x + y is weakly smooth, but not smooth. 

(vii) / : [0, oo)^ ^ [0, oo), f{x, y) = xy is interior, but not strongly smooth. 

Remark 2.4. Some references on manifolds with corners are Cerf [T], Douady 
[5], Gillam and Molcho [SI §6.7], Kottke and Melrose [20], Margalef-Roig and 
Outerelo Dominguez [35] , Melrose , Monthubert |5S] , and the author [5] , 

ini §5]. Just as objects, without considering morphisms, most authors define 
manifolds with corners as in Definition 12.21 However, Melrose [20lf25H28] and 
authors who follow him impose an extra condition; in W2.2\ we will define the 
boundary dX of a manifold with corners A, with an immersion ix ■ dX —>■ A. 
Melrose requires that ix\c '■ C ^ X should be injective for each connected 
component C of dX (such A are sometimes called manifolds with faces). 

There is no general agreement in the literature on how to define smooth 
maps, or morphisms, of manifolds with corners: 

(i) Our notion of ‘smooth map’ in Definitions l2.ll and l2.2l is due to Melrose [Tfl 
§1.12], 123 §1], [23 §1], who calls them b-maps. 

Our notation of ‘interior maps’ and ‘b-normal maps’ is also due to Melrose. 

(ii) Monthubert’s morphisms of manifolds with corners [291 Def. 2.8] coincide 
with our strongly smooth b-normal maps. 

(iii) The author [5] defined and studied ‘strongly smooth maps’ above (which 
were just called ‘smooth maps’ in 0). 
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Strongly smooth maps were also used to define d-manifolds with corners 
in the 2012 version of [9]. However, the final version of [9] will have a 
different definition using smooth maps (i.e. Melrose’s b-maps). 

(iv) Gillam and Molcho’s morphisms of manifolds with corners 0 §6.7] coin¬ 
cide with our ‘interior maps’. 

(v) Most other authors, such as Cerf [D §I-l-2], define smooth maps of mani¬ 
folds with corners to be weakly smooth maps, in our notation. 

Remark 2.5. We can also define real analytic manifolds with corners, and real 
analytic maps between them. To do this, ii U C R™ and V C R." are open, 
we define a smooth map / = (/i, —>■ H in Definition 12.41 to be real 

analytic if each map fi'U —>■ R for z = 1,..., n is of the form fi = f[\u^ for U' 
an open neighbourhood of U in R™ and /' :[/'—>■ R real analytic in the usual 
sense (i.e. the Taylor series of // at x converges to // near x for each x S U'). 

Then we define {(Ua, (fa) : a € H} to be a real analytic atlas on a topological 
space X as in Definition 12.21 except that the transition functions o are 
required to be real analytic rather than just smooth. We define a real analytic 
manifold with corners to be a Hausdorff, second countable topological space X 
equipped with a maximal real analytic atlas. 

Given real analytic manifolds with corners X, D, we define a continuous map 
f : X ^ Y to be real analytic if whenever (D, (/>), (V, tp) are real analytic charts 
on X,Y (that is, charts in the maximal real analytic atlases), the transition 
map o / o 0 in m is a real analytic map between open subsets of R™, R” 
in the sense above. Then real analytic manifolds with corners and real analytic 
maps between them form a category ManJijj. 

There is an obvious faithful functor ^ Man'’, which on 

objects replaces the maximal real analytic atlas by the (larger) corresponding 
maximal smooth atlas containing it. Note that given a smooth manifold with 
corners X, making X into a real analytic manifold with corners is an additional 
structure on X, a, refinement of the maximal smooth atlas on X, which can be 
done in many ways. So is far from injective on objects. Essentially all 

the material we discuss for manifolds with corners also works for real analytic 
manifolds with corners, except for constructions requiring partitions of unity. 

2.2 Boundaries and corners of manifolds with corners 

The material of this section broadly follows the author [8], (9] §5]. 

Definition 2.6. Let U C R" be open. For each u = (iti,... ,u„) in U, define 
the depth depthfj u of u in 17 to be the number of rti,..., it; which are zero. 
That is, depthj/ u is the number of boundary faces of U containing u. 

Let X be an n-manifold with corners. For x € X, choose a chart (17, </>) on 
the manifold X with (f>{u) = x for u G U, and define the depth depthjf x of x 
in X by depth^^ x = depth^; u. This is independent of the choice of (17, (f). For 
each 1 = 0,..., n, define the depth I stratum of X to be 

S\X) = {x G X : depth;^ x = l}. 


Then X = U;Lo and = UL; S'^{X). The interior of X is X° = 

Each S’‘{X) has the structure of an ( n — Z)-manifold without boundary. 


Definition 2.7. Let X be an n-manifold with corners, x G X, and k = 
0 , 1 ,... ,n. A local k-corner component j of X at x is a local choice of con¬ 
nected component of S^{X) near x. That is, for each sufficiently small open 
neighbourhood V of a: in X, 7 gives a choice of connected component W of 
V n S^{X) with X € W, and any two such choices V,W and V must be 
compatible in that x G {W C] W). 

Let depthjj- x = 1. Choose a chart {U, </>) on X with ( 0 ,..., 0 ) G 17 C R" 
open and ^( 0 ,..., 0 ) = x. Then we have 




u 


{{ui,...,Un) GU :Uai = 0 , i = l,...,k, 

j S {1, ■ • ■, 1} \ {ui, • ■ •, flfc}} • 


( 2 . 2 ) 


For each choice of oi,... ,a/c, the subset on the right hand of p.2l) contains 
( 0 ,..., 0 ) in its closure in U, and its intersection with a small ball about 
(0,..., 0) is connected. Thus this subset determines a local fc-corner compo¬ 
nent of 17 at (0,..., 0), and hence a local fc-corner component of X at x. 

Equation (12.21) implies that all local fc-corner components of 17 at (0,..., 0) 
and X at a; are of this form. Therefore, local fc-corner components of 17 C R" 
at (0,..., 0) are in 1-1 correspondence with subsets {oi,..., Ofc} C {1,..., 1} of 
size fc, and there are distinct local /c-corner components of X at x. 

When k = 1, we also call local 1-corner components local boundary compo¬ 
nents of X at X. There are depthjjj- x distinct local boundary components of X 
at X. By considering the local model M", it is easy to see that there is a natural 
1-1 correspondence between local 7;-corner components 7 of X at x, and (un¬ 
ordered) sets {/3i,..., /3fc} of k distinct local boundary components /3i,..., /3fc 
of X at X, such that if E is a sufficiently small open neighbourhood of x in X 
and /li,..., /3fc and 7 give connected components Wi ,..., Wk of En 5'^(X) and 
IE' of E n S'^(X), then IE' C fl^i 

As sets, define the boundary dX and k-corners Ck{X) for fc = 0,1,..., n by 

dX = {(x,/3) : X G X, /3 is a local boundary component of X at x}, (2.3) 
Ck{X) = {(x, 7 ) : X G X, 7 is a local fc-corner component of X at x}, (2.4) 

so that dX = C'i(X). The 1-1 correspondence above shows that 

C'fe(X) = {(x, {, 01 ,... ,/3fe}) : X G X, Pi,... ,Pk are distinct 

yZ.D) 

local boundary components for X at x|. 

Since each x G X has a unique 0-boundary component, we have C'o(X) = X. 

If {U, (p) is a chart on X with U C R” open, then for each i = 1,..., 1 we 
can define a chart (C/^, pi) on dX by 


Ui = {(ui,... ,u„_i) G R”_/ : {vi,... ,v^-i,0,Vi,... ,Vn-i) G U CR"}, 
pi : (ui,...,U„_i) I-^ {p{vi, . . . ,Vi-l, 0 ,V^, . . . ,Vn-l),P*{{Ui = 0 })). 
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Similarly, if 0 ^ fc ^ Z, then for each 1 ^ oi < • • • < Ofc ^ Z we can define a 
chart {U{ai,...,ak},(l>{au-,ak}) On Ck{X) by 




= {ivi 

, . . . , Vn — , 

fe)eRr-t: 


. . . , Vax — 1 : 0; 

■ • ■ 1 ^02 —2; 0; 

Va 2 

_ 1 , . . 

■ 5 ^03 — 

3 : 0 ; ^03 — 

25 ■ • ■ 7 '^ak- 

/c,0. 

'^Ofc—/c+li ■ • ■ 5 '^n — 

k)eU CR]^}^ 


■■.afc} ■ 

(■ui,. 

■ • ; '^n—k) 

1—^ 

, . . . , 

^ai —li 0; '^ai 

' ^a2—2; 0; 

Va 2 

_ 1 , . . 

■ I ^>03- 

■ 3 i '^a^ — 

2 i ■ • ■ ; '^ak — 

■fe,0. 

'^ak—k+li ■ • ■ 1 '^n — 

k)j 




({'Uai 

= • • • = U 

Ofc ~ 

0 })). 



The families of all such charts on dX and Ck{X) are pairwise compatible, and 
define atlases on dX and Ck{X). The corresponding maximal atlases make dX 
into an (n — l)-manifold with corners and Ck{X) into an (n — fc)-manifold with 
corners, with dX = Ci{X) and Co{X) = X as manifolds with corners. 

We call X a manifold without boundary if dX = 0, and a manifold with 
boundary if d^X = 0. We write Man and Man*^ for the full subcategories of 
Man"^ with objects manifolds without boundary, and manifolds with boundary, 
so that Man C Man*^ C Man^^. This definition of Man is equivalent to the 
usual definition of the category of manifolds. 

Define maps ix ■ dX —)• X, If : C'fe(X) — 5 > X and l : X ^ C'o(X) by 
ix ■ {x,fd) !->■ x, n : (x, 7 ) !->■ a; and l : x 1 -^ {x, [X°]). Considering local models, 
we see that ix,n, t are are (strongly) smooth, but ix,^ are not interior. Note 
that these maps ZxiII may not he injective, since the preimage of a € X is 
depthjj-a points in dX and (^epth^ points in Ck{X). So we cannot regard 
dX and Ck{X) as subsets of X. 

Example 2.8. The teardrop T = {(x,?/) € : a ^ 0, ^ — a:"'}, shown 

in Figure [2Tl is a manifold with corners of dimension 2. The boundary dT is 
diffeomorphic to [0,1], and so is connected, but ir '■ dT —)• T is not injective. 
Thus T is not a manifold with faces, in the sense of Remark 12.41 



Figure 2.1: The teardrop, a 2-manifold with corners 


If X is an n-manifold with corners, we can take boundaries repeatedly to 
get manifolds with corners dX,d^X = d{dX),d^X,... ,9"X. To relate these 
to the corners Ck{X), note that by considering local models U C R", it is easy 
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to see that there is a natural 1-1 correspondence 

{local boundary components of dX at (a::,/3)} = 

{local boundary components (3' of X at a; with /3' ^ /?}. 

Using this and induction, we can show that there is a natural identification 

d^X = {(x, /3i,..., /3fc) : a: e X, /3i,..., /3fe are distinct 

local boundary components for X at x|, 

where under the identifications (1^ . the map iQk-ix ■ d^X ^X maps 

(x,/3i,... ,13k) {x,l3\,... ,(3k-i)- From (I2.7I1 . we see that there is a natural, 

free action of the symmetric group Sk on d^X, by permutation of /3i,... ,f3k- 
The action is by diffeomorphisms, so the quotient d^X/Sk is also a manifold with 
corners. Dividing by Sk turns the ordered fc-tuple Pi,... ,13k into an unordered 
set {Pi,... ,Pk}. So from (12.51) . we see that there is a natural diffeomorphism 

Ck{X) ^ d'^X/Sk. 

Corners commute with boundaries: there are natural isomorphisms 

dCk{X) = Ck{dX) ^{{x,{Pi,...,Pk}, Pk+i) -.x^X, Pi,..., Pk+i 
are distinct local boundary components for X at x}. 

Products X X U of manifolds with corners are defined in the obvious way. 
Boundaries and corners of products X x Y behave well. It is easy to see that 
there is a natural identification 

{local boundary components for X x F at (x,j/)} = 

{local boundary components for X at x} 11 
{local boundary components for Y at ?/}. 

Using this, from (12.31) and (12. 5p we get natural isomorphisms 

d{X X F) ^ {dX X F) n (X X dY), (2.10) 

Ck{X X F) - .+j=k C^{X) X Q(F). (2.11) 

Next we consider how smooth maps f : X ^ Y of manifolds with corners 
act on boundaries dX,dY and corners Ck{X),Ci{Y). The following lemma is 
easy to prove from Definition I2.1f bh The analogue is false for weakly smooth 
maps (e.g. consider / : R —[0, oo), /(x) = x^, which is weakly smooth but not 
smooth), so the rest of the section does not work in the weakly smooth case. 

Lemma 2.9. Let f : X ^ Y be a smooth map of manifolds with corners. 
Then f is compatible with the depth stratifications X = Uk^oSHx), 
Y = Definition 12.61 in the sense that if % W S^{X) is a 

connected subset for some fc ^ 0 , then f{W) C S^Y) for some unique I p 0 . 


( 2 . 8 ) 

(2.9) 
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It is not true that general smooth f : X ^ Y induce maps df : dX dY or 
Ck{f) ■ CkiY) Ck(Y) (although this does hold for simple maps, as in Propo¬ 
sition [53IId)). For example, ii f : X ^ Y is the inclusion [0,oo) ^ M then no 
map df : dX —> dY exists, as dX 7 ^ 0 and dY = 0. So boundaries and /c-corners 
do not give functors on Man"^. However, if we work in the enlarged category 
Man'^ of Definition 12.21 and consider the full corners C{X) = Oj,>q Ck{X), we 
can define a functor. 

Definition 2.10. Define the corners C{X) of a manifold with corners X by 

c{x) = u“Ckix) 

= {(x, 7 ) : X € X, 7 is a local fc-corner component of X at x, /c ^ O}, 

considered as an object of Man"^ in Definition 12.21 a manifold with corners of 
mixed dimension. Define H : C'(X) X by H : (x, 7 ) 1 -^ x. This is smooth (i.e. 
a morphism in Man"^) as the maps H : Ck{X) —>■ X are smooth for k ^ 0. 

Equations ( 1 ^ and (12.111) imply that if X, Y are manifolds with corners, we 
have natural isomorphisms 

dC{X)^C{dX), C{X xY)^C{X)xC{Y). (2.12) 

Let / : X —>■ y be a smooth map of manifolds with corners, and suppose 7 
is a local fc-corner component of X at x S X. For each sufficiently small open 
neighbourhood V of x in X, 7 gives a choice of connected component W of 
V n5'^(X) with X G W, so by Lemma l^^l f(W) C S'‘(Y) for some 1^0. As / is 
continuous, f{W) is connected, and /(x) G /(IF). Thus there is a unique local 
Z-corner component f*{j) of Y at /(x), such that if F is a sufficiently small open 
neighbourhood of /(x) in Y, then the connected component IT of F D S\Y) 
given by /*( 7 ) has IF D /(IF) 7 ^ 0. This /*( 7 ) is independent of the choice of 
sufficiently small F, F, so is well-defined. 

Define a map C{f) : C{X) C(Y) by C(f) : (x,j) 1 -^ (f(x),f*( 7 )). Given 
charts (U, cf) on X and (F, ip) on Y, so that (12.11) gives a smooth map ip~^ofocj), 
then in the charts on C'fc(X) and (F{bj_..._b,}, ..„&,}) 

on Ci{Y) defined from (t/, </)) and (Vjtp) in (12.61) . we see that 

° ° : {C{f ) O 

—^ V{bi,...M} 

is just the restriction of o / o ^ to a map from a codimension k boundary 
face of 17 to a codimension I boundary face of F, and so is clearly smooth 
in the sense of Definition [2 t 1 Since such charts and 

{^{bi,...,bi}^'^{bi,—,bi}) cover C'fc(X) and CfY), it follows that C{f) is smooth 
(that is, C{f) is a morphism in Man*^). 

li g Y Z is another smooth map of manifolds with corners, and 7 is a 
local fc-corner component of X at x, it is easy to see that ( 50 /)^( 7 ) = g* 0 /^( 7 ) 
in local m-corner components of Z at g o /(x). Therefore C{g o /) = C{g) o 
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C{f) : C{X) C{Z). Clearly C'(idx) = idc(x) : C{X) C{X). Hence 
C : Man"^ —>■ Man'^ is a functor, which we call the corner functor. We extend 
C to C : Man'^ Man‘= by C{X^). 

The following properties of the corner functor are easy to check using the 
local models in Definition 12.II 

Proposition 2.11. Let f : X be a smooth map of manifolds with corners. 

(a) C{f) : C{X) C(Y) is an interior map of manifolds with corners of mixed 
dimension, so C is a functor C : Man'^ —>■ Manj^^^. 

(b) / is interior if and only if C(f) maps Co{X) —>■ C'o(T), if and only if the 
following commutes: 


X 


ji, 

C{X) 


f 

CU) 


Y 


C{Y). 


Thus i : Id^C is a natural transformation on Id, ClMan?^ : Man^^—J^ManP^. 

(c) / is b-normal if and only if C{f) maps Ck{X) —>■ ]J|Tq Ci(Y) for all k. 

(d) If f is simple then C{f) maps Ck{X) — >• Ck{Y) for all fc ^ 0, and Ckif) ■= 
C'(/)|cfc(x) : CkiX) —>■ Ck{Y) is also a simple map. 

Thus we have a boundary functor d : Mangj —>■ Man^; mapping X i—>• dX 
on objects and f ^ df := C{f)\cj^{x) ■ dX dY on (simple) morphisms f : 
X ^ Y, and for all k ^ 0 a k-corner functor Ck '. Man^; —5> Man^; mapping 
X ^ Ck{X) on objects and f n- Ck{f) := C{f)\c,,(x) ■ Ck{X) Ck{Y) on 
(simple) morphisms. 

(e) The following commutes: 


C{X) 


X- 


CU) 

f 


C{Y) 


nj 

-r. 


Thus n : C Id is a natural transformation. 

(f) The functor C preserves products and direct products. That is, if 
f : W ^ Y, g : X ^ Y, h : X ^ Z are smooth then the following commute 


C{W X X)-^ C{Y X Z) 

C'C/ 

CU)xC(h) 

C{W) X C'(X) ^ C{Y) X C{Z ), 


C(X) 



C{Y X Z) 


C{Y)^C{Z), 


where the columns are the isomorphisms (12.121) . 
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Example 2.12. (a) Let X = [0,oo), Y = [0,oo)^, and define f : X ^ Y hy 
f{x) = {x,x). We have 

Co(X) = [0,oo), C'i(X)^{0}, C'o(y) = [0,oo)2, 

Ci{Y) - ({0} X [0,oo)) n ([0,oo) X {0}), C 2 (Y) - {(0,0)}. 

Then C{f) maps Co{X) CoiY), x (x, x), and Ci{X) —>■ C 2 (Y), 0 i->- (0,0). 
(b) Let X = *,Y = [0, cxd) and define f : X ^ Y hy f{*) = 0. Then Co{X) = *, 
Co{Y) = [0, cxd), Ci(Y) = {0}, and C{f) maps Cq{X) — >• CiiY), * i->- 0. 

Note that C{f) need not map Ck{X) —>• Ck{Y). 

2.3 Tangent bnndles and b-tangent bnndles 

Manifolds with corners X have two notions of tangent bundle with functorial 
properties, the (ordinary) tangent bundle TX, the obvious generalization of 
tangent bundles of manifolds without boundary, and the b-tangent bundle ^TX 
introduced by Melrose [551 §2-2], [571 §1-10], [^ §2]. Taking duals gives two 
notions of cotangent bundle T*X, ^T*X. First we discuss vector bundles: 

Definition 2.13. Let X be an n-manifold with corners. A vector bundle E —>■ 
X of rank fc is a manifold with corners E and a smooth (in fact strongly smooth 

and simple) map tt : E —>■ A, such that each fibre E^ := Tr~^(x) tor x € X is 

given the structure of a fc-dimensional real vector space, and X may be covered 
by open subsets U C X with diffeomorphisms 7r“^([/) = U x identifying 
’’■| 7 r-i(( 7 ) : —>■ U with the projection 17 x and the vector space 

structure on E^ with that on {x} x R^ = R^, for each x € U. 

A section of E is a smooth map s : X ^ E with it o s = idx. As a map of 

manifolds with corners, s : X E is automatically strongly smooth. 

Morphisms of vector bundles, dual vector bundles, tensor products of vector 
bundles, exterior products, and so on, all work as usual. 

Write C°°(X) for the R-algebra of smooth functions / : A —D R. Write 
C°°(E) for the R-vector space of smooth sections s : X ^ E. Then C°°(E) is 
a module over (7“(A). 

Sometimes we also consider vector bundles of mixed rank E —> A, in which 
we allow the rank k to vary over A, so that E can have different ranks on 
different connected components of A. This happens often when working with 
objects A = in the category Man'^ from Definition 12.21 for instance, 

the tangent bundle TX has rank m over A^ for each m. 

Definition 2.14. Let A be an m-manifold with corners. The tangent bundle 
ttiTA—>-A ofAisa natural (unique up to canonical isomorphism) rank m 
vector bundle on A. Here are two equivalent ways to characterize TX: 

(a) In coordinate charts: let (U, (f) be a chart on A, with U C R™ open. 
Then over 4>{U), TA is the trivial vector bundle with basis of sections 
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, g^, for (ui,..., Um) the coordinates on U. There is a corre¬ 
sponding chart {TU,T(j)) on TX, where TU = U x K™ C such that 

{ui,...,Um,qi,---,qTn) G TU represents the vector H-h q-m-^ 

over {ui,... ,Um) G C/ or (p{ui,... ,Um) G X. Under change of coor¬ 
dinates {ui,...,Um) ^ from {U,(j)) to (JJ, (j)), the corre¬ 

sponding change (ui,..., Um, gi, • ■ ■, g™) (ui, ■ • ■, itm, gi, ■ ■ ■, q-m) from 
{TU,T(j)) to {TU,T^) is determined by g|- = • ■ • > ' aij- 

so that gj = YhLi > ^^m)g*- 

(b) Intrinsically in terms of germs: For x G X, write C^{X) for the set 
of germs [a] at x of smooth functions a : X —>■ R defined near x G X. 
That is, elements of C^(X} are equivalence classes [a] of smooth functions 
o :[/—>■ R in the sense of mi where U is an open neighbourhood of x 
in X, and a : U ^ R, a' : U' ^ R are equivalent if there exists an open 
neighbourhood U” of a; in [/ fl C/' with a\u” = a'\u"- Then C“(X) is 
a commutative R-algebra, with operations A[o] -f /r[6] = [Aa -I- /i6] and 
[a] • [6] = [a ■ b] for [a], [6] G C'^{X) and A,/r G R. It has an evaluation 
map ev : C^{X) —5> R mapping ev : [a] i—>■ a{x), an R-algebra morphism. 

Then there is a natural isomorphism 

TxX = {n : u is a linear map C^{X) -G R satisfying 
z;([a].[6]) = n([a])ev([6]) + ev([a]M[6]), all [a],[b]GC^(X)}. 

This also holds with C°°{X) in place of C^{X). 

Also there is a natural isomorphism of C'°“(X)-modules 

C°°{TX) = {a; :u is a linear map (7°°(A) — C°°{X) satisfying 
v{ab) = v{a) ■ 6 + o • v{b) for all a,b G C'°“(A)}. 
Elements of C°°{TX) are called vector fields. 

Now suppose / : A —)• F is a smooth map of manifolds with corners. We will 
define a natural smooth map T/ : TA —5> TY so that the following commutes: 


TX 


A 


Tf 

f 


TY 


4 


For definition (a) of TX, TY, let {U, f) and {V, ip) be coordinate charts on A, Y 
with U C R™, V C R", with coordinates (mi, ... ,Um) G U and (rii,... ,u„) G 
V, and let (TU,T(p), {TV,Tip) be the corresponding charts on TX,TY, with 
coordinates (ui,..., gi,..., g^) G TU and {vi,... ,Vn,rii ■ ■ ■ Un) G TV. 
Equation m defines a map ip ^ o f o cp between open subsets of U, V. Write 
Ip-'^ o f o(p = {fl,..., /„), for fj = fj{ui,..., u^). Then the corresponding 
Tip~^ oT f oT(p maps 

Tip-^ oTfoTf: {ui , . . . , Urn 1 gi,...,gm) I—)• (/i(ui , . . . , Um)-, ■ • ■ ; 

/n('^l; • ■ - ; Um): Si—1 ■ • ■ ; ■ • ■ ; i '^m)Qi) ■ 
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For definition (b) of TX, TY, Tf acts as T/ : {x, v) {y, w) for y = f{x) G 
Y and w = v o f*, where /* : C^{Y) C^{X) maps /* : [a] [a o /]. 

li g :Y ^ Z \a smooth then T\g o f) = Tg oT f : TX TZ, and T(idx) = 
\Atx ■ TX —>■ TX. Thus, the assignment X i—>-TX, / i—>-T/isa functor, the 
tangent functor T : Man*^ —>■ Man*^. It restricts to T : Man?^ —>■ ManP^. 

If / : X —> T is only weakly smooth, the same definition gives a weakly 
smooth map Tf : TX —>• TY. We can also regard T/ as a vector bundle 
morphism d/ : TX —5> f*{TY) on X. 

The cotangent bundle T*X of a manifold with corners X is the dual vector 
bundle of TX. Cotangent bundles T*X are not functorial in the same way, 
though we do have vector bundle morphisms (d/)* : f*(T*Y) —)• T*X on X. 

Here is the parallel definition for b-(co)tangent bundles: 

Definition 2.15. Let X be an m-manifold with corners. The b-tangent bundle 
^TX ^ X oi X is a natural (unique up to canonical isomorphism) rank m 
vector bundle on X. It has a natural inclusion morphism Ix ■ ^TX —^ TX, 
which is an isomorphism over the interior X°, but not over the boundary strata 
S'^{X) for k ^ 1. Here are three equivalent ways to characterize ^TX,Ix'- 

(a) In coordinate charts: let {U, (f) be a chart on X, with U C R™ open. 
Then over </>([/), ^TX is the trivial vector bundle with basis of sections 

{ui,...,Um) the coordinates on U. 
There is a corresponding chart {^TU,^T(j)) on ^TX, where ^TU = U x 
R™ C R^™, such that (m,..., Um, si,..., Sm) G ^TU represents the vector 
+ + + + + (wi,...,w™) in 

U or (fiui,..., Ura) in X. Under change of coordinates (wi,..., Um) 
(mi, ..., Urn) from {U, 4>) to ([/, 4>), the corresponding change (rti,..., Um, 
si,...,Sm) from {^TU,^T(I>) to (^TU, is 


E k ~ — l dUn I -1 du i 

i=i^j a;i7 Si=fc+i 

E k duj . \m duj 

i=l l^i=k+l 'STi 


j ^ k, 
j > k. 


The morphism Ix '■ ^TX ^ TX acts in coordinate charts (f’TU,^Tcj)), 
{TU,T(f) by 

(Ul, . . . , Um, Si, ... , Sm) '-)■ (ui , ... ,Um, Ql, ■ ■ ■ , dm) 

— (ui, . . . , Um j^iSi, . . . ,U}iS].^, Sj^Jrl, • ■ • 1 ^m) • 


(b) Intrinsically in terms of germs: Let x G X. As in Definition 12 . 14l bl . 
write Cf°(X) for the set of germs [a] at x of smooth functions a : X —R. 
Then C^{X) is an R-algebra, with evaluation map ev : C^{X) —>■ R, 
ev : [a] !->■ a{x). Also write Ix{X) for the subset of germs [6] at x G A1 
of interior maps 6 : A" ^ [0, oo). Then Ix{X) is a monoid with operation 
multiplication [&] • [c] = [b ■ c] and identity [1]. It has an evaluation map 
ev : Ix{X) [0, oo), ev : [&] i— b{x), a monoid morphism. There is 
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also an exponential map exp : C^{X) —>■ Ix{X) mapping exp : [a] i—>■ 
[exp a], which is a monoid morphism, regarding C^{X) as a monoid under 
addition, and an inclusion map inc : Ix{X) —>■ C“(X) mapping inc : 
[6] I—[6], which is a monoid morphism, regarding C^(X) as a monoid 
under multiplication. 

Then there is a natural isomorphism 

^TxX = {(u,u') : u is a linear map C^(X) R, 
v' is a monoid morphism Xx(X) —> R, 
z;([a]-[6])=u([a])ev([5])+ev([a])u{[6]), all [a],[b]£C^{X), 
v' oexp([a]) = u([a]), all [a] G C'^{X), and 
uoinc([6]) = ev([6])u'([&]), all [b] €lx{X)}. (2.14) 

Here in pairs {v,v') in (I2.14L v is as in (I2.13p . If [6] G Ix{X) with 
ev([6]) > 0, then [log&] G C'^{X) with u'([&]) = u([log6]). So the extra 
data in v' is u'([6]) for [b] €lx{X) with ev([6]) = 0. 

The morphism Ix '■ ^TX —>■ TX acts by Ix '■ {v,v') v. 

If X is a manifold with faces, as in Remark 12.41 then we can replace 
C'^{X),Xx{X) by C'^{X)^X{X)^ where X{X) is the monoid of interior 
maps X —>■ [0, cxd). But if X does not have faces, in general there are too 
few interior maps X [0, oo) for the definition to work. This is why we 
use germs C'^{X),Xx{X) in (j2.I4l) . 

(c) In terms of TX: there is a natural isomorphism of C'°°(X)-modules 
C'°°(^TX)^{uGC'°°(TX) : u| 5 fc(x) is tangent to S^{X) for all k]. (2.15) 
Elements of C°°{^TX) are called b-vector fields. 

The morphism Ix ■ ^TX TX induces (Ix)* : C°°{^TX) C°^{TX), 

which under the isomorphism (I2.15|) corresponds to the inclusion of the 
right hand side of (1^1^ in C'“(TX). 

In Definition 12.141 we defined Tf : TX — 5> TY for any smooth (or even 
weakly smooth) map f : X ^ Y. As in [25l §2], [20l §1] the analogue for b- 
tangent bundles works only for interior maps f : X ^ Y. So let / : X — )• T 
be an interior map of manifolds with corners. We will define a natural smooth 
map ^T/ : ^TX —> ^TY so that the following commutes: 

bTx -^ 



For definition (a) of ^TX,^TY above, let (D, ^) and (H, V') be coordinate 
charts on X,Y with U C R™, V C R”, with coordinates {ui,... ,Um) G 
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U and {vi,... ,Vn) G V, and let {^TU,^T(j)), {^TV,^Tip) be the correspond¬ 
ing charts on ^TX, ^TY, with coordinates (mi, ..., Um, si,..., Sm) G ^TU and 
{vi,... ,Vn,ti,... ,tn) G ^TV. Then (12.11) defines a map ° f ° 4’ between 
open subsets of U, V. Write o f o cj) = (/i,..., /„), for fj = fj{ui ,..., Um)- 
Then the corresponding o^T f o ^T(j) maps 


^Ttp ^O^Tfo^Tcj) : (mi, . . . ,Um,Si, . . . ,5™)'- >(vi, . . . ,Vn,tl, ■ ■ ■ ,tn), 

where vj = Um), j = l...,n, 


and 


tj = 


^idui 


W'" 21 a. 

^ dui ^ dui 


Z^i=fe-|-1 Jj dui 
dfj 


j < I, 

j > 1. 


(2.16) 


Since / is interior, the functions for i ^ /c, j < Z and 

for i > fc, J ^ Z occurring in (12.161) extend uniquely to smooth functions of 
(ui,... ,Um) where fj = 0, which by Definition I2.1f blfil is only where Ui = 0 
for certain i = 1,..., k. If / were not interior, we could have /j(ui,..., Um) = 0 
for all (ui, ..., Um), and then there are no natural values for 
(just setting them zero is not functorial under change of coordinates), so we 
could not define f. 

For definition (b) of ^TX,^TY, f acts by f : (x,v,v') !->■ {y,w,w') 
for y = f{x), w = V o f* and w' = v' o f*, where composition with / maps 
r : C“(r) ^ C^{X), f* : Ij,(y) ^ X4X), as / is interior. 

li g : Y ^ Z is another interior map then ^T{g o f) = ^Tg o^Tf : ^TX —>■ 
^TZ, and ^T(idx) = idb^x ■ ^TX —> ^TX. Thus, writing ManP^ for the 
subcategory of Man^ with morphisms interior maps, the assignment X i— ^TX, 
f M- ^T/ is a functor, the b-tangent functor : Man?^ Manf^. The 
maps Ix ■ ^TX ^ TX give a natural transformation / : —5> T of functors 
on Man^j. 

We can also regard ^T/ as a vector bundle morphism ^d/ : —>■ /*(^TF) 

on X. The b-cotangent bundle ^T*X of X is the dual vector bundle of ’^TX. 
B-cotangent bundles ^T*X are not functorial in the same way, though we do 
have vector bundle morphisms (^d/)* : f*(4>T*Y) —>■ ^T*X for interior /. 

The next proposition describes the functorial properties of TX,^TX. The 
proof is straightforward. 

Proposition 2.16. (a) As in Definitions I2.14H2.151 we have tangent func¬ 
tors T : Man"^ —Man"^, T : Man"^ —> Man'^ preserving the subcategories 
MaHg^, Man?^, Man?., MaUg^., ManP^, Man?., and b-tangent functors : 
Manjjj —Man^^, : Man^^ Man^j preserving Man?., Man?.. 

(b) The projections tt : TX —>■ X, tt : —>■ X, zero sections 0 : X —>■ TX, 

0 : X —>■ ^TX, and inclusion Ix X ^ TX induce natural transformations 


TT : T Id, tt:^T=^U, 0 : Id T, 0 : Id 


bT / ; f'T’: 


T (2.17) 


on the categories on which both sides are defined. 
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(c) The functors T, preserve products and direct products in each cat¬ 
egory. That is, there are natural isomorphisms T{W x X) = TW x TX, 
^T{W X X) ^ ^TW X ^TX, such that if f : W ^ Y and g : X ^ Z are 
smooth or interior then the following commute 

T{WxX) - ^T(YxZ) bTiWxX) - >-^T(Y x Z) 

I Tifxg) / / ’ ’’Tifxg) ^ / 

I- i- . . 

" Tf'X.To * ' ' 

TW X TX —TY X TZ, x ^TX > ^TY x >>TZ, 

and if f : X ^ Y, g : X ^ Z are smooth or interior then the following commute 


TX — 
1 

T{f,g) 

X 

1 

bTX — 
1 

'•TU,g) 

'>T{Y X Z) 


(Tf.Tg) 

1 

-^TY X TZ, 


fTf,^Tg) 

"1 

TX — 

bTX 

^ 6TF X ^TZ. 


These isomorphisms T{W x X) ^ TW x TX, ’’T{W x X) = ^TW x ^TX are 
also compatible with the natural transformations (12.171) . 

Remark 2.17. (i) It is part of the philosophy of this paper, following Melrose 
[inillSHlE]) that we prefer to work with b-tangent bundles ^TX rather than 
tangent bundles TX when we can. One reason for this, explained in (13.51 is 
that for manifolds with g-corners in §31 the analogue of ^TX behaves better 
than the analogue of TX (which is not a vector bundle). 

(ii) If / : X —>■ F is a smooth map of manifolds with corners, we can define 

bT f • —)• ^TY only if / is interior. But C{f) : C'(X) —>■ C{Y) is interior for 

any smooth / : X —5> F by Proposition 12.lll ab Hence ^T o C(f) : ^TC{X) 
^TC{Y) is defined for all smooth f : X ^ Y, and we can use it as a substitute 
for ^Tf : ^TX ^ ^TY when this is not defined. 

Definition 2.18. A smooth map f : X ^ Y of manifolds with corners is called 
etale if it is a local diffeomorphism. That is, / is etale if and only if for all 
X G X there are open neighbourhoods t/ of x in X and V = f{U) of f{x) in F 
such that /|(7 : C/ —>■ F is a diffeomorphism (invertible with smooth inverse). 

Here are two alternative characterizations of etale maps: 

Proposition 2.19. Let f : X ^Y be a smooth map of manifolds with corners. 
Then the following are equivalent: 

(i) / is etale; 

(ii) / is simple (hence interior) and ^df : ^TX -G f*{f’TY) is an isomorphism 
of vector bundles on X; and 

(iii) / is simple and d/ : TX —> f*{TY) is an isomorphism on X. 

If f is etale, then f is a diffeomorphism if and only if it is a bisection. 
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2.4 (B-)normal bundles of d^X,Ck{X) 

Next we study normal bundles of dX,d^X and Ck{X) in X using (b-)tangent 
bundles TX,^TX. For tangent bundles the picture is straightforward: 

Definition 2.20. Let X be a manifold with corners. From 112.31 the map 
ix ■ dX X induces Tix ■ T{dX) TX, which we may regard as a morphism 
dix ■ T{dX) —>• i*^{TX) of vector bundles on dX. This fits into a natural exact 
sequence of vector bundles on dX: 

0- ^T{dX) - — - ^i*x{TX) - — - ^Nqx -^0, (2.18) 

where Ngx —l dX is the normal bundle of dX in X. While Ngx is not naturally 
trivial, it does have a natural orientation by ‘outward-pointing’ normal vectors, 
and so Ngx is trivializable. The dual vector bundle of Ngx is called the 
conormal bundle of dX in X. 

Similarly, we have projections 11 : d^X —>■ X and tti, ... ,7rfe : d^X —>■ dX 
mapping 11 : (x, fdi,..., Pk) x and : {x, fdi,..., /3k) >—>■ {x,/3i) under the 
identification (lO) . As for (I2.18L we have a natural exact sequence 

0-^ T{d'^X) - — -s- n*{TX) - — -^ Ngkx -^ 0 

of vector bundles on 9^A, where Ngkx is the normal bundle oi d^X in A, a 
vector bundle of rank k. Clearly, there is a natural isomorphism 

= (2.19) 

so that Ngkx is the direct sum of k trivializable line bundles, and is trivializable. 
It has dual bundle Ng^x- 

As in (12.81) the symmetric group Sk acts freely on d^X, with Ck{X) = 
d^X/Sk- The action of Sk lifts naturally to Ngkx, with Ngkx/Sk = Nc^(x), 
the normal bundle of C'fe(A) in A, in the exact sequence 

O^T(Cfc(A))^i^^n*(rA)^^Ac,(x) (2.20) 

The action of Sk on Ngkx — permutes the k line bundles 

TT*{Ngx) for i = l,...,fc. Thus, Nc^(x) does not have a natural decompo¬ 
sition like (12.191) for fc > 2. Similarly, = Ng^^/Sk- 

For the corners C'(A) = Ck{X), we define vector bundles of mixed 

rank Ac(x), on C'(A) by Nc{x)\ck{x)=Nc,,{x), A^c(x)lcfc(x) = A^5fc(x)- 

As dim Ac,j,(x) = dim A, these are objects of Man^ rather than Man'’. 

Now let / : A —> y be a smooth map of manifolds with corners. Form the 
diagram of vector bundles of mixed rank on C'(A), with exact rows: 

0- T{C{X)) - — -^ n*(rA)- — -^ Ac(x)-^ 0 

dC(/) 

^ C{f)* c(/)*(dn) C{f)*{n*{TY)) c(/)*(7r„) C{f)* 

{T{C{Y))) " = n*{r{TY)) " (NciY)) 


n*(d/) 


N. 


C(f) 


( 2 . 21 ) 
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As the left hand square commutes, by exactness there is a unique morphism 
Nc{f) as shown making the diagram commute. 

Suppose g : Y ^ Z is another smooth map of manifolds with corners. By 
considering the diagram 


0 - 


■ncix)) 


dn 


■U*{TX) 


■N, 


C{X) 


dCigof) 

0 —^ 


dC(f) n*(d(3o/)) 


CifY c(/)*(dn) 

(r(c(y))) 


C(/)*(dC(g)) 


N. 


C(aof) 


n*(d/) 

C(f)*{Il*(TY)) 

= n*(/*(Ty)) ^ 

n*(n*(dg)) 


N, 


CU) 


cur 

{Nc{y)) 


■0 


CigofY c(go/)*(dn) C{gofYiIl*iTZ)) c{gofyi^^) C{gofy 
(T(C(Z))) " = nuigofYiTZ)) " (Naz)) 


C(/)*(Afc(s)) 

- 0 , 


and using uniqueness of Nc{f) in ( 12 . 2111 . we see that 

Ncigof) = CUYiNcig)) o Ncif). ( 2 . 22 ) 

We can also regard Nc{f) as a morphism A^c(/) ^ -^C(x) ^ Xc{y)- Then 
([mi]) implies that Nc(gof) = Nc(g) ° ^C{f) ■ ^C{x) ^ Nc(z)i so X ^ A^c(x )5 
/ I—A"c(/) is a functor Nq '■ Man'^ —>■ Man'^ and Nq '■ Man° —>■ Man"^. The 
zero section z : C{X) —>■ Nc(x) and projection tt : Nc(x) ^ C{X) give natural 
transformations z : C ^ Nq and tt : Nq => C. As in Propositions I2.111 fl and 
I2.16r cl. one can show that Nq preserves products and direct products. 

Next we consider the analogue of the above for b-tangent bundles ^TAT, 
which is more subtle. As ix '■ dX —>■ A1 is not interior, we do not have an 
induced map ^dix '■ ^T{dX) —>• iY^TX), so we cannot form the analogue of 
(|2.18p for ^T(9X). We begin with analogues of A^c(x)i A^c(/) above: 

Definition 2.21. Let X be an n-manifold with corners, and k = 0,... ,n. As in 
Definition 12.71 points of Ck{X) are pairs {x, 7 ) ior x & X and 7 a local fc-corner 
component of X at cc, and there is a natural 1-1 correspondence between such 
7 and (unordered) sets {/3i,...,/3fe} of k distinct local boundary components 
/3i,..., /3fe of X at X. Define a rank k vector bundle tt : ^Nc^{x) —t Ck{X) over 
Ck{X) to have fibre ’’Nci^{x)\{x,'y) the vector space with basis /3i,..., for each 
(x, 7 ) G Ck{X) with 7 corresponding to {/3i,..., /3fe}. Considering local models, 
we see that the total space of ^Nqj^(^x) is naturally an n-manifold with corners. 

Points of will be written (x, 7 , 6i/3i H-l-&fe/3fe) for (x, 7 ) G Ck{X) 

and bi,...,bk G M, where 7 corresponds to {U,..., f3k}- Since Ck{X) = 
d^X/Sk by (| 2 . 8 I) there is an isomorphism ^Nc^(x) — (d^X x R^)/S'fc, where 
the symmetric group Sk acts on R.* by permuting the coordinates. 

For reasons that will become clear in Proposition 12.221 we call ^Nq^i^x) the 
b-normal bundle of Ck{X) in X. The dual bundle i® called the b- 

conormal bundle of Ck{X) in X. 
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Define the monoid bundle Mc^(x) as a subset in ^Nc^{x) by 


^Ck{x) — {( 2 ;,7) + • • • + bk/3k) G ^Nc^(^x) ■ bi G N}, 

where 7 corresponds to {/3i,..., /3fc} and N = {0,1,2,...}. It fibres over Ck{X) 
with fibres N^, and is a submanifold of ^Ncf.{x) of dimension n — k. The ‘M’ in 
Mcf^(x) stands for monoid, as we will regard tt : Mc^,(x) Ck{X) as a locally 
constant family of commutative monoids over Ck{X), that is, each fibre 
7 r“^(p) has a commutative, associative addition operation + with identity 0 . 
Define the dual monoid bundle fo be 

K,(x) = G ^N*^^x) ■■ e Ck{X), b{Mc,(x)\.') C N}. 


It is a subbundle of with fibre N^. 

For more about monoids, see The importance of the monoids Mcf,{x) 
in understanding fibre products and blow-ups of manifolds with corners was 
emphasized by Kottke and Melrose m § 6 ], in their basic smooth monoidal 
complexes. Gillam and Molcho [B] work with the dual monoids 

Define morphisms ^ir ■ ’^Nc^(x) ^ n*(*’T7f) of vector bundles and ^ir ■ 
Xhck{x) n*(^rX) of monoids on Ck{X) as follows, where 11 : Ck{X) — X 
is the projection. Given G Ck{X) where 7 corresponds to {/3i,... ,/3fe}, 

choose local coordinates (xi,..., x„) G K" on X near x, where k ^ I ^ n with 
X = ( 0 , ..., 0 ) and fdi = {xi = 0 } for i = 1, ..., fc. Then define 


'’*t|(x.7) : biPi -\ -h bkPk I—5- bi ■ n*(xi^). 

One can show this is independent of the choice of coordinates. We can also 
think of these as smooth maps : ^Nc^(x) ^TX, ^iT : Mc^(x) ^TX of 
manifolds with corners. There is a dual morphism : n*(^T7f*) —>■ 

In the next proposition, the local existence and uniqueness of is easy to 
check using a local model K" for X. The bottom row of (12.231) is (12.201) . The top 
row of (12.231) is the analogue of (12.201) for ^TX, ^T{Ck{X)) (note the reversal of 
directions), and justifies calling ^Nc,^{x) the b-normal bundle of Ck{X) in X. 

Proposition 2.22. Let X be a manifold with corners, and k = 0, ... ,dim X. 
Then there is a unique morphism ■ n*(^TX) —>■ ^T{Ck{X)) which makes 
the following diagram of vector bundles on Ck{X) commute, with exact rows: 


0 ^ ’’Ncux) - Il*{^TX) .-.- ^T{Ck{X)) 0 

I I I 

|o |n*(/x) (2.23) 

0 -- Nc,ix) - U*{TX) --^5- nCk{X)) --0. 


When A: = 1, we have Ci{X) = dX and ^Nci{x) — Ogx, the trivial line 
bundle on dX. So the top line of (12.231) becomes the exact sequence 

0 —^ Oox ———^ i*x{^TX) ———^ ^r(ax) —^ 0 
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of vector bundles on dX, the analogue of (12.181) for b-tangent spaces. 

As for the Nc^(x)j the ^Ncf.{x) are functorial, but only for interior maps: 

Definition 2.23. In Definition 12.211 set ^Nc(x) = \Xk=o^^Ck(x) and Mc(x) 
— \Xk=o^Ck{x)- Then ^Nc{x) is an n-manifold with corners, and Mc(x) an 
object of Man'^. We have projections tt : ^Nc(x),Mc(x) —t C!{X), making 
’’Nc(x) into a vector bundle of mixed rank over C{X), and Mci^x) into a locally 
constant family of commutative monoids over C{X). 

Now let / : A1 —^ y be an interior map of manifolds with corners. From 
( 12.21 C( f) : C{X) —>■ C{Y) is also interior, so from (12.31 we have smooth maps 
bTf . bj^x ^TY and ^TC{f) : ^TC{X) ^TC{Y), which we may write as 
vector bundle morphisms ^d/ : ’^TX —>■ f*C^TY) on X and ^dC'(/) : ^TC{X) —>■ 
C{f)*i^TC{Y)) on C{X). Consider the diagram 


0 


’’Nc(x) —^-- n*(0TX) - 

. It I 

AiVcm |n*Cd/) 


b 


TTX 


^T{C{X)) - 
'’dC(f) 


c{f)* curC-^T) c{f)*ou*(bTY) cure^T) c{f)* 

('’iVc(v)) ^=n*o/*('>Ty) ^ {^T{C{Y))) 


0 

(2.24) 

0 . 


The rows come from the top row of (12.231) for X, Y, and are exact. One can check 
using formulae in coordinates that the right hand square commutes. Thus by 
exactness there is a unique map as shown making the diagram commute. 

We can give a formula for as follows. Suppose x G S'^ (X) C X with 

f{x) = y G s’’ (y) C y. Then we may choose local coordinates (xi,..., Xm) G 
on X with a; = (0,..., 0) and (yi ,..., y„) G R" on y with ?/ = (0,..., 0), so 
that Xi,...,Xk',yi,...,yi' G [0, oo) and Xk'+i, ■ ■ ■ ,Xm,yi'+i, ■ ■ ■ ,yn G R. Write 
/ in coordinates as (^fi{xi ,..., Xm), ■ • ■, fn(xi ,..., Xm)) ■ As / is interior. Defi¬ 
nition [Q shows that for j = 1 ,..., I', near a: = ( 0 ,..., 0 ) we have 

fj(^Xi, . ■ . , Xm) = Fj (xi, . . . , Xm) ' Oi=l ’ 

where Fj is smooth and positive and aij G N. Since /j(0,..., 0) = 0, we see 
that for each j = 1,. ■ ■ ,1' we have > 0 for some i = 1,. ■ ■ ,k'. 

The local boundary components of X at a: are Pi := {xi = 0} for i = 
1,. ■ ■ ,k', and of y at y are Pj := {yj = 0} for j = 1,..., I'. Let 7 be a local 
fc-corner component of X at a: corresponding to {pi^^,. ■ ■ 1 Pik} 1 ^ *1 < 
• • • < ^ k', and 7 a local Z-corner component of y at y corresponding to 

{Pjm---,Pji} for 1 < ji < ••• < ji ^ I', so that (^, 7 ) G C'fe(X) and {y,p) G 
Ci{Y), and suppose /*( 7 ) = 7 , so that C{f) : (a:, 7 ) 1 -^ {y,P)- Then we can 
check from the definitions that 

= {j G > 0, some c= l,...,fc}, 

and ^Nc{f) acts by 

'‘Nc(f) : {x,-iMkPn+--- + hkPik) ^ (y:XEd=i[Ec=iavj>ic]^aa)- (2-25) 
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Since Uij G N, ^Nc{f) maps Mc{x) C{f)*{Mc{Y))- So write 
^C{f) '■= ^^C(/)|mc(x) : Mc(X) -t C{f)*{Mc{Y))- 

Note that / is simple if and only if and are isomorphisms. 

Suppose g '.Y ^ Z ]s another interior map. From the diagram 


0 ■ 


"iV, 


C(X) 


^C(gof) 

O^C 


I 


frCNc(Y))- 


n'C-dCgo/)) 
C(/)*('’iT) 


n*(^TX) 

/ 


\ 


c(/)*(’’JVc(g)) 


c'(i)*on*('’Ty) 


n*('>d/) ’’dCigof) 

C(/)*('’7rr) 


*’r(C'(x)) 

/ 


■Cif) 


C(gofr{’’iT) 


C{fr(n*edg)) 

C(gof)'*{’’nrp) 


dC(f) 


C’TiCiY))) 


C(/)*('>dC(9)) 


O^CigofYCNc^z)) 


■C{gofyon*CTZ) 


■C{gofyCT{C{Z))) 


0 

0 

0 , 


using the functoriality of C, ^T, we find that ^Nc(gof) = C{fy{^Nc(g))o^Nc(f), 
and hence Mc(gof) = C{fy{Mc(g)) o Mc(f). 

We can also interpret ^Nc(f) as a smooth map of manifolds with corners 
^Nc(f) ■■ ^Nc(x) -t ^Nc(y), and Mc(f) as a morphism Mc(/) : Mc(x) Maj) 
in Man'^, both of which are interior as C(/) is. Then for interior f : X ^ 
Y, g '■ Y -G- Z we have ^A^c(go/) = ^^c{g) ° ^^c{f) '■ ^^c(x) —t ^Nc(z)- 
Thus X i-^- ^Nc{x), f ^-^C(/) defines functors ■ Man[^ —)• Man?j and 
^Nc ■ Man?^ -G Man?^, which we call the b-normal corner functors. Similarly 
X M- Mc(x), f '-t Mc{f) defines functors Me ■ Man^^ , Man^j Man^j, 
which we call the monoid comer functors. 

The dual bundles ^Nc(x)^ ^C{x) functorial in the same way. 

The next proposition is easy to check: 

Proposition 2.24. Definition 12.231 defines functors ^Nc '. Man?^ —> Man?^, 
: Man?^ —>• Man?^ and Me ■ Man?^, Manf^ —>• ManP^, preserving (di¬ 
rect) products, with a commutative diagram of natural transformations: 



Here is some similar notation to ^iVc(x)) -^c(x)) but working over X rather 
than C{X). 

Definition 2.25. Let X be a manifold with corners. For x G S^{X) C X, let 
/3i,..., Pk be the local boundary components of X at x, and define 

^NxX = {biPi + ■ • • + bkPk ■ bi,... ,bk G M}, 

= {&i/3i + ■ • • + bkPk :bY...,bkG [0, oo)}, 

MxX = {6i/3i + • • • + bkfik ■ bi,... ,bk G N}, 
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so that MxX C C ^N^X. That is, ^NxX = is the vector space 

with basis the local boundary components /3i,... ,/3fc at x, with dim^iVa;X = 
depthj,j^ X. We will think of MxX = N* as a toric monoid, as in ild.l.ll below, 
with ^NxX = MxX (g)N R the corresponding real vector space, and ^N^°X = 
[0, oo)^ as the corresponding rational polyhedral cone in ^NxX, as in il3.1.4l 
Now let / : X —y be an interior map of manifolds with corners, and 
X e S'^(X) C X with f{x) = y G S'-lY) C Y. Write /3i,...,/3fe for the lo¬ 
cal boundary components of X at x, and /3[,...,/S'l for the local boundary 
components of Y at y. We can choose local coordinates (xi,... ,Xm) G K™ 
near x in X with x = (0,..., 0), such that fdi = {xi = 0} for i = 1,..., fc, 
and local coordinates (?/i,...,y„) G K" near y in Y with y = (0, 
such that /3' = {yj = 0} for j = 1,..., 1. Then as in 112.11 near x we may 
write / in coordinates as / = (/i, •■•,/«), where for j = we have 

/j(xi,..., Xm) = Fj{xi ,..., Xm) ' x“^’’ • • • for some aij G N and positive 
smooth functions Fj. Define a linear map ^Nxf ■ ^NxX —>■ ^NyY by 

^Xxf : biPi -b • • • -b bkPk 

'—^ (oi.i^i -b • ■ • "b ak,ibk)Pi "b • • • -b {ai^ibi -b ■ • • -b ak,ibk)l3i, 

as for Nc(f) in Define : ^Ni°X ^NfY and Mxf : MxX 

MyY to be the restrictions of ^Nxf to ^N^°X and MxX. Note that / is simple 
if and only if Mxf : MxX —>■ MyY is an isomorphism for all x G X. 
li g :Y Z is another interior map of manifolds with corners then 

^Nx{gof) = ^Nygo^Nxf, ’’N^^gof) = ^N^°go^Ni-f, Mx{gof)=MygoMxf, 

and ^ Nx'^dx Nf^idx T MxiAx are identities. So the ^NxX, ^Nf°X, MxX, ^Nxf, 
^Nf°f, Mxf are functorial. 

We could define ^NX = {(x,u) : x G X, v G ^NxX} and ^Nf : ^NX —>• 
^iVy by ^iV/ : (x,u) !->■ (/(x), ^^^./(v)), and similarly for ^N^°X,^N^° f and 
MX,Mf, and these would also be functorial. However, in contrast to ^Nc{x) 
above, these ^NX, ^N^°X would not be manifolds with corners, even of mixed 
dimension, since the dimensions of the fibres ^NxX, ^Nf°X vary discontinuously 
with X in X. They are useful for stating conditions on interior f : X ^ Y. 

3 Manifolds with generalized corners 

We will now define a category Man®'^ of manifolds with generalized corners, 
or manifolds with g-corners for short, which contains the manifolds with cor¬ 
ners Man^^ of lj2] as a full subcategory. We extend IJS] to manifolds with g- 
corners, with the exception of the ordinary tangent bundle TX and normal 
bundle Nc(x)i which do not generalize well. 
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3.1 Monoids 


We now discuss monoids, from the point of view usual in the theory of loga¬ 
rithmic geometry, in which they are basic objects. Some good references are 
Ogus [Sni §1], Gillam [51 §l-§2], and Gillam and Molcho O §1]. 

3.1.1 The basic definitions 

Here are the basic definitions we will need in the theory of monoids. 

Definition 3.1. A (commutative) monoid (P,-|-,0) is a set P with a binary 
operation + : P x P ^ P and a distinguished element 0 G P satisfying p+p' = 
p' +p, p+{p' +p") = (p + p') +p'' and p-1-0 = 0 -bp = p for all p,p',p" G P. All 
monoids in this paper will be commutative. Usually we write P for the monoid, 
leaving -|-,0 implicit. 

A morphism of monoids p : (P,-|-,0) —>■ ((5,-|-,0) is a map p : P ^ Q 
satisfying p{p + p') = p{p) -b p{p') for all p,p' G P and p{0) = 0. 

^ n copies 

If p G P and n G N = {0,1,...}, we write n • p = p -b ■ • ■ -b p, with 0 ■ p = 0. 

A submonoid of a monoid P is a subset Q Q P such that 0 G Q and q+q' G Q 
for all q, q' G Q. Then Q is also a monoid. 

If Q C P is a submonoid, there is a natural quotient monoid Q/P and 
surjective morphism tt : P ^ PfQ, with the universal property that Tr(Q) = {0}, 
and if p : P ^ P is a monoid morphism with p(Q) = {0} then p = v o tt for 
a unique morphism u : P/Q R. Explicitly, we may take P/Q to be the set 
of '^-equivalence classes [p] of p G P, where p p' if there exist q,q' G Q with 
p + q = p' + q' in P, and tt : p i—>■ [p]. 

A unit It in a monoid P is an element u G P for which there exists v G P 
with u + V = 0. This v is unique, and we write it as —u. Write P^ for the set 
of all units in P. It is a submonoid of P. 

Any abelian group G is a monoid. If P is a monoid, then P^ is an abelian 
group, and P is an abelian group if and only if P^ = P. 

If P is a monoid, there is a natural morphism of monoids tt : P —> PSP with 
P®P an abelian group, with the universal property that if p : P —>■ G is a mor¬ 
phism with G an abelian group, then p = vot: for a unique morphism of abelian 
groups v : P®p ^ G. This determines PSP,7r up to canonical isomorphism. 
Explicitly, we may take P®p to be the quotient monoid (P x P)/Ap, where 
Ap = {(p,p) : p G P} is the diagonal submonoid of P x P, and tt : p >->• [p, 0]. 

Let P be a monoid. Then: 

(i) We call P finitely generated if there exists a surjective morphism tt : 

P for some k 0. Any such tt may be uniquely written 7r(ni,..., rifc) = 
n-i ■ Pi + ■ ■ ■ + rik ■ Pk for pi,... ,pfe G P, which we call generators of P. 

If P is finitely generated then PSP is a finitely generated abelian group. 

(ii) A finitely generated monoid P is called free if P = for some k ^ 0. 
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(iii) We call P integral, or cancellative, if tt : P —^ is injective. Equiva¬ 
lently, P is integral if p + p" = p' +p" implies p = p' for p,p',p" € P. For 
integral P, we can regard P as a subset of PSP 

(iv) We call P saturated if it is integral, and p G P®p with n ■ p G P C psP for 
n ^ 1 implies that p G P C psp, 

(v) We call P torsion-free if P®p is torsion-free, that is, n ■ p = 0 for n ^ 1 
and p G P®P implies p = 0. 

(vi) We call P sharp if P^ = {0}. The sharpening P** of P is P** = P/P^, a 
sharp monoid with surjective projection tt : P ^ PK 

(vii) We call P a weakly toric monoid if it is finitely-generated, integral, satu¬ 
rated, and torsion-free. 

(viii) We call P a toric monoid if it is finitely-generated, integral, saturated, 
torsion-free, and sharp. (Saturated and sharp together imply torsion-free.) 

Note that definitions of toric monoids in the literature differ: some authors, 
including Ogus [3^, refer to our weakly toric monoids as toric monoids, and to 
our toric monoids as sharp toric monoids. 

Write Mon for the category of monoids, and Mon*"®, Mon’"*, Mon*° for 
the full subcategories of finitely generated, weakly toric, and toric monoids, 
respectively, so that Mon*° C Mon""* C Mon*® C Mon. 

If P is a toric monoid then PSP is a finitely generated, torsion-free abelian 
group, so P®P = for k ^ 0. We define the rank of P to be rankP = k. 

If P is weakly toric then P^ = ll and P** is a toric monoid, and the exact 
sequence 0 P^ —>■ P ^ P** ^ 0 splits, so that P = Pt* x Z* for P^ a toric 
monoid. We define rankP = rankP®P = rankPl* -|- 1. 

Here are some examples: 

Example 3.2. (a) (Q,-|-,0) is a non-flnitely generated monoid. It is integral, 
saturated, and torsion-free, but not sharp, as = Q- 

(b) ([0, oo), •, l) is a non-finitely generated monoid. (Note here that the monoid 
operation is multiplication ‘ • ’ rather than addition, and the identity is 1 not 
0.) We have [0, oo)®p = {0}, so [0, oo) is not integral, and [0, oo)^ = (0, oo), so 
[ 0 ,oo) is not sharp. 

(c) is a toric monoid for A: = 0,1,..., with (N^)®p = Z^. 

(d) Z^ is a finitely generated monoid. For instance, as generators take the A:-|- 1 
vectors (1,0,..., 0), (0,1,0,..., 0),..., (0,..., 1), (—1, —1,..., —1). Also Z^ is 
integral, saturated, and torsion-free. But Z^ is not sharp, as (Z^)^ = Z^ 7 ^ 0, 
so Z^ is weakly toric, but not toric. 

(e) Set P = N n {!'}, with ‘-I-’ as usual on N, and n -|- 1' = 1' -f n = n -I- 1 for 

n > 0 in N, and 0 -I- 1' = 1' -I- 0 = 1'. Then P is a finitely generated monoid, 
with generators 1,1', and is torsion-free and sharp. We have P®p = Z, with 
TT : P ^ PSP mapping tt : n n for n G N and tt : 1' 1. Then 7 r(l) = 7r(l'), 

so TT : P —>■ PSP is not injective, and P is not integral, or saturated, or toric. 
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(f) Set P = {0,1} with 0 + 0 = 0 and l + 0 = 0 + l = l + l = l. Then P 
is a Hnitely generated monoid with generator 1, torsion-free, and sharp. But 
psp = |Q|^ 30 p is not integral, saturated, or toric. 

(g) P = {0,2,3,...} is a submonoid of N, with P®p = Z D P. It is finitely 
generated, with generators 2,3, and is integral, torsion-free, and sharp. But it 
is not saturated, since 1 € with 2 • 1 G P but 1 ^ P, so P is not toric. 

(h) Set P = N n {!', 2', 3',...}, with m + n = (to + n), m' + n = (to + n)', 
m + n' = {m + n)', m' + n' = (m + n) for all to, n > 0 in N, and 0 + p = p + 0 = p 
for p G P. Then P is a hnitely generated monoid, with generators 1,1', and is 
integral, saturated, and sharp. We have P®p = Z x Z 2 , where tt : P ^ PSP is 
7r(n) = (n, 0) and 7r(n') = (n, a), writing Z 2 = (0, a} with a + a = 0. Thus P 
is not torsion-free, as 0 ^ (0, a) G P®p with 2 ■ (0, a) = 0, so P is not toric. 

3.1.2 Duality 

We discuss dual monoids, following Ogus [501 §2-2]. 

Definition 3.3. Let P be a monoid. The dual monoid, written P^ or ID(P), 
is the monoid Hom(P, N) of morphisms p : P ^ N in Mon, with the obvious 
addition (/i + v){p) = p{p) + v{p) and identity 0{p) = 0 . 

If a : P —>■ Q is a morphism of monoids, the dual morphism, written : 
Q'^ —>■ P'^ or ]D>(a) : D((5) —>■ ]D>(P), is : /r ^ o a for all ^ : Q —>■ N. 

Then D : Mon — > Mon°P mapping P 1 —D(P), a 1 —>■ ID>(a) is a functor, 
where Mon°P is the opposite category to Mon. 

Define a morphism rj{P) : P —>■ (P^)'^ by ??(P) : p (+ '=’ h-ip)) for p G P 
and p G P^. Then p : IdMon +> D o D is a natural transformation of functors 
Mon —Mon, where IdMon : Mon —Mon is the identity functor. 

From Ogus [551 Th. 2.2.3] we may deduce: 

Theorem 3.4. If P is a finitely generated monoid, then P^ = D(P) is toric. 
Hence D : Mon Mon°P restricts to : Mon*^® —(Mon*°)°P and : 
Mon*° —(Mon*°)°P. Also, the natural morphism p{P) ■ P (P'^)^ is an 
isomorphism if and only if P is a toric monoid. Thus 77 *° : IdMon‘° D*°oD*° 
is a natural isomorphism of functors Mon*° — > Mon*°, and D*” : Mon*° — >■ 
(Mon*°)°P is an equivalence of categories. 

Example 3.5. (a) (N'=)'' ^ 

(b) (Z^)^ = {0}, and more generally G'^ = {0} for any abelian group G. 

(c) [0,«))v = {0}. 

Write P{° = ]D)‘° o : Mon^s ^ Mon*°, and It® : Mon*° ‘-J- Monk's for 
the inclusion functor. Then for each P G Mon*^® and Q G Mon*° we have 

Hom(P{°(P),Q) = Hom((P^)^,Q) ^ Hom(P, Q) = Hom(P,/t®(Q)), 

where in the second step we use that as Q is toric, any morphism P ^ Q factors 
uniquely through the projection P —>■ (P^)'^. Thus P{° is a left adjoint for /^®. 
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3.1.3 Pushouts and fibre products of monoids 

Next we discuss pushouts and fibre products of monoids. Some references are 
Gillam [51 §1.2-§1.3] and Ogus [301 §1-1]- 

Theorem 3.6. (a) All direct and inverse limits exist in the category Mon, so in 
particular pushouts and fibre products exist. The construction of inverse limits, 
including fibre products, commutes with the forgetful functor Mon —Sets. 
Finite products and coproducts coincide in Mon. 

(b) The category Mon*^® is closed under pushouts in Mon. Hence pushouts 
exist in Mon*^®. 

(c) The category Mon*° is not closed under pushouts in Mon*^®. Nonetheless, 
pushouts exist in the category Mon*°, though they may not agree with the same 
pushout in Mon*®. If a : P ^ Q and f) : P ^ R are morphisms in Mon*° 
then Q 11^ R = Rf°{Q Up R), where Q 11^ R,Q Up R are the pushouts in 
Mon*°,Mon*® respectively, and Rf° is as in 

(d) The categories Mon*® and Mon*° are closed under fibre products in Mon. 
Thus, fibre products exist in both Mon*® and Mon*°, and can be computed as 
fibre products of the underlying sets. 

Proof. Part (a) can be found in Ogus [301 §1.1] or Gillam [SJ §1.1-§1.2]. If 
a : P ^ Q and fi : P —>■ R are morphisms in Mon, then as in [51 §1.3] the 
pushout S = Q Ua,p,i 3 R is S = Q (B R/ where ~ is the smallest monoidal 
equivalence relation on Q © i? with (a(p), 0) ^ (0, /3(p)) for all p € P. Actually 
computing ~ or Q lip i? explicitly can be tricky. 

For (b), if ^ = Q lip R is as above with Q,R G Mon*®, and qi,... ,qk, 
ri,...,n are generators for Q,R, then [gi, 0],..., [q*, 0], [0, ri],..., [0, n] are 
generators for S, so S G Mon*®, and Mon*® is closed under pushouts in Mon. 

For (c), as Rf° : Mon*® —> Mon*° has a right adjoint /*® from il3.1.21 it 
takes pushouts in Mon*® to pushouts in Mon*°. Thus, if P,Q,R G Mon*° 
then 

R\°iQ n*s R) ^ n*p°g(p) ^ Q n‘p° r. 

For (d), Gillam [51 Gor. 1.9.8] shows Mon*® is closed under fibre products 
in Mon. If /r : P —^ i? and v : Q ^ R are morphisms in Mon*° then the 
fibre product P Xp Q in Mon is finitely generated, integral, and saturated 
by Ogus [30l Th. 2.1.16(6)], and it is torsion-free and sharp as P Xp Q is a 
submonoid of P© Q, which is torsion-free and sharp since P, Q are toric. Hence 
P Xp Q is toric, and Mon*° is closed under fibre products in Mon. □ 

3.1.4 Toric monoids and rational polyhedral cones 

Definition 3.7. Let A be a lattice (that is, an abelian group isomorphic to 
Z*' for A: ^ 0), so that Ar := A ©z R is a real vector space isomorphic to R.^, 
with a natural inclusion A ^ Ar. We identify A with its image in Ar, so that 
A c Ar. We also have the dual lattice A* := Hom(A,Z) and dual vector space 
Ag = Hom(AR,R), and we identify A* with a subset of A^. 
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A rational polyhedral cone in Ar is a subset C C Ar of the form 

C = {A e Ar : a,(A) ^ 0, i = 1,..., fc}, (3.1) 

for some finite collection of elements oi,... ,afe € A*. An integral polyhedral 
cone Cz C A is a subset of the form Cz = C fl A for some rational polyhedral 
cone C C Ar. We call C or Cz pointed if C fl —C = {0} or Cz n —Cz = {0}. 
Note that an integral polyhedral cone Cz is a monoid, as it is a submonoid of A. 
For C as in dSU), a face of C is a subset C C of the form 

C = |A G Ar :ai(A) = 0, i & J, ai(A)^0, zG{l,...,fc}\j}, 

for some J C {l,...,fc}. That is, we require equality in some of the inequalities 
in dSlD. Each face U of C is also a rational polyhedral cone, and the collection 
of faces C C C is independent of the choice of oi,..., , for C fixed. 

The next proposition is well known (see for instance Gillam [5l Proof of 
Th. 1.12.3]). Gordan’s Lemma says that an integral polyhedral cone Cz is 
finitely generated, and the rest of the proof that Cz is (weakly) toric is easy. 

Proposition 3.8. A monoid P is weakly toric if and only if it is isomorphic to 
an integral polyhedral cone C% C A, and toric if and only if it is isomorphic to a 
pointed integral polyhedral cone Cz C A. In both cases, we may take the lattice 
A to be and ai,... ,ak in em to be generators of the dual monoid P'^. 

Rational and integral polyhedral cones give us a geometric, visual way to 

think about (weakly) toric monoids, as corresponding to a class of polyhedra in 
ffi.", and are particularly helpful for studying faces of (weakly) toric monoids. 

3.1.5 Ideals, prime ideals, faces, and spectra of monoids 

The next definition is taken from Ogus [301 §1-4] and Gillam [SJ §2.1]. 

Definition 3.9. An ideal / of a monoid P is a subset I G P such that for all 
i € I and p G P we have p + i G I. Then 0 ^ /, as otherwise p = p + 0 G I 
for all p G P, contradicting I ^ P. An ideal I is called prime ii p,q G P and 
p + q G I imply that p G I or q G I. 

A submonoid F C P is called a face ot P ii p,q G P and p + q G F imply 
that p G F and q G F. If is easy to see that P C P is a face of P if and only if 
I = P\F is a prime ideal in P. This gives a bijection F i —s -1 = P\F between 
faces P of P and prime ideals I in P. 

The codimension codim P of a face P C P is the rank of the abelian group 
(P/P)®^, which is defined when {P/F)^'^ is finitely generated. If P is toric 
then rankP + codim P = rankP. 

The union UaeA of any family la '■ a G A oi prime ideals in P is a prime 
ideal in P. Dually, the intersection ClaeA family Fa '■ a G A oi faces 

of P is a face of P. 

The minimal ideal in P is 0, and the maximal ideal is P \ P^. Both are 
prime. Dually, the maximal face in P is P, and the minimal face is P^. 
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The spectrum Spec P is the set of all prime ideals of P, which under I i—>■ 
F = P\I is bijective to the set of faces of P. 

There is a natural topology on Spec P called the Zariski topology, generated 
by the open sets Sj = {I G SpecP : J C /} for all ideals J C P. 

li fi : P ^ Q is a, morphism of monoids, and / is a (prime) ideal in Q, then 
pL~^{I) is a (prime) ideal in P. Dually, if F is a face of Q, then is a face 

of P. Defining Spec/r : SpecQ —>• SpecP by Specp : I i->- then Spec fj, 

is continuous in the Zariski topologies. The natural projection tt : P — 5 > P** 
induces a homeomorphism SpecTr : SpecP** —5> SpecP. 

The parts of the next lemma are proved in Gillam and Molcho [SI Lem.s 
1.2.4 & 1.4.1], or are obvious. 

Lemma 3.10. (i) Suppose F is a face of a monoid P. If P is finitely generated, 
or integral, or saturated, or torsion-free, or sharp, or weakly toric, or toric, then 
F is also finitely generated, ..., toric, respectively. 

(ii) Suppose F is a face of a finitely generated monoid P. If pi,... ,pn generate 
P, then {pi : Pi G F, i = 1,... ,n} generate F. 

(iii) If P is a finitely generated monoid, then Spec P is finite. 

The next proposition summarizes some facts about (weakly) toric monoids, 
which are well understood in toric geometry. 

Proposition 3.11. Let P be a weakly toric monoid. Then: 

(a) By Proposition 13.81 we may identify P = C H A, where A = PSP is a lattice 
and C C Ar = A 02 K. is a rational polyhedral cone. This identifies faces 
F G P of the monoid P with subsets DClA C CflA where D C C is a face 
of the rational polyhedral cone C as in Definition 13.71 and this induces a 
1-1 correspondence between faces F of P and faces D of C. 

(b) The faces F of P are exactly the subsets a ^(0) = {p S P : a{p) = 0 } 
for all a in P'^ = Hom(P,N), the dual monoid of P. 

(c) Let F be a face of P, and write P^ = {a G P'^ : a\F = O}. Then F^ is 
a face of P'^ , with rank P^ = rank P — rank P = codim P, and the map 
F I—>■ P^ gives a 1-1 correspondence between faces of P and faces of P^. 

Now suppose P is toric. Then: 

(d) Let A, Ar, C be as in part (a). Write A* = Hom(A, Z) for the dual lattice 
and Ag = A* (g)z R = (Ar)* for the dual vector space, and define 

= {a S Ag : a{c) ^ 0 for all c G C}. 

Then is a rational polyhedral cone in Aj^, and there is a natural iso¬ 
morphism P^ = n A*, where P'^ is the dual monoid of P. 

(e) For each face F of P we have rank P = codim P^, codim P = rank P^. 

(f) The isomorphism r]{P) : P (P'^)'^ from Theorem 13.41 induces an iso¬ 
morphism r]{P)\F ■ F (P^)^ for all faces F C P. 
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3.1.6 Monoids and toric geometry 

We now explain the connection between monoids and toric geometry over C. 
This material will not be used later, but explains the term ‘toric monoid’, and 
may be helpful to those already familiar with toric geometry. It also helps 
motivate the definition of manifolds with g-corners in il3.2l 

Let P be a weakly toric monoid. Define a commutative C-algebra C[P] to be 
the C-vector space with basis formal symbols for p G P, with multiplication 
gP . gP = gP+p and identity 1 = e°. Write Zp = SpecC[P], as an affine C- 
scheme, which is of finite type, reduced, and irreducible, as P is weakly toric. 

There is a natural 1-1 correspondence between C-points of Zp (that is, al¬ 
gebra morphisms x : C[P] —>■ C), and monoid morphisms /x : P —^ (C, •) (where 
(C, •) is C regarded as a monoid under multiplication, with identity 1), defined 
by ^^ip) = x{eP) € C for all p G P. 

Define an algebraic C-torus Tp to be Tp — Hom(P, C^), where = C\{0}, 
as an abelian group under multiplication. If PSP = Z* then Tp = (C^)*’. There 
is a natural action of Tp on Zp, which on C-points acts by (t-p){p) = t(p) ■ pip) 
for p G P, where t GTp — Hom(P, C^) and p G Hom(P, (C, •)) corresponds to 
a C-point x of Zp. This Tp-action makes Zp into an ajfine toric C-variety. 

Every affine toric C-variety Z is isomorphic to some Zp, for a weakly toric 
monoid P unique up to isomorphism, where P is toric if and only if Tp has a 
fixed point (necessarily unique) m. Zp. 

3.2 The model spaces Xp, for P a weakly toric monoid 

As in 121 manifolds with corners are locally modelled on [0, oo)* x K"“^ for 
0 ^ k ^ n. We will define manifolds with generalized corners in il3.3l to be 
locally modelled on spaces Xp depending on a weakly toric monoid P. This 
section defines and studies these spaces Xp, and ‘smooth maps’ between them. 

Definition 3.12. Let P be a weakly toric monoid. Then as in tl3.11 P is 
isomorphic to a submonoid of for some k ^ 0. In il3.3l we will suppose that 
P is equal to a submonoid of some Z^. This is for set theory reasons: if X is 
a manifold with g-corners, then without some such restriction on the monoids 
P®, the maximal g-atlas {(P®, U\ (/)’') : i G 1} on X in Definition 13.191 would not 
be a set, but only a proper class. 

Define Xp to be the set of monoid morphisms x : P —[0, oo), where 
([0, oo),-) is the monoid [0,oo) with operation multiplication and identity 1. 
Define the interior Xp C Xp of Xp to be the subset of x with x{P) C (0, oo) C 
[0, oo). For each p G P, define a function Xp : Xp —>■ [0,oo) by Ap(x) = x{p). 
Then Xppg = Xp ■ Xg for p,q G P, and Aq = I. 

Define a topology on Xp to be the weakest topology such that Xp : Xp ^ 
[0, oo) is continuous for all p G P. This makes Xp into a locally compact, 
Hausdorff topological space, and Xp is open in Xp. If P C Xp is an open set, 
define the interior U° of P to be P° = P fl Xp. 

Note that Xp and P are not manifolds, in general, so smooth functions on 
Xp,P are not yet defined. Let / : P —)• R be a continuous function. We say 
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that / is a smooth function [/ ^ R if there exist ri,..., r„ S P, an open subset 
W C [ 0 , 00 )", and a smooth map g : 14^ —^ K (in the usual sense, as in 112.II) . 
such that for all x € U we have {x{ri ),..., x{rn)) G W and 

f{x) = g{x{ri),... ,x{rn)) = g{XrAx), ■ ■ ■, K„{x)). (3.2) 

We say that a continuous function / : t/ —>■ (0, 00 ) is smooth if / is smooth as 
a map U 

We say that a continuous function / : ?7 —>■ [0, 00 ) is smooth if on each 
connected component U' oiU, we either have f\ui = Xp\u’ ■ h, where p € P and 
h:U'^ (0, 00 ) is smooth, 01 f\u' =0. Note that (as for manifolds of corners), 
/ is smooth as a map U —>■ [0, 00 ) implies that / is smooth as a map f '■ U ^ R, 
but not vice versa. 

Now let Q be another weakly toric monoid, and V C Xq an open set. We 
say that a continuous map f : U ^ V is smooth if Ag o / : P —^ [0, 00 ) is smooth 
for all q G Q. We say that / is a diffeomorphism if / is invertible and f,f~^ are 
smooth. We say that / is interior if / is smooth and f{U°) C V°. The identity 
map id (7 : U ^ U is smooth and interior. 

Suppose i? is a third weakly toric monoid, and W C Xji an open set, and 
g '.V ^ W is smooth. It is easy to show that 5 o / : [7 —>■ IT is smooth, that is, 
compositions of smooth maps are smooth. Also compositions of diffeomorphisms 
(or interior maps) are diffeomorphisms (or interior maps). 

Remark 3.13. In 113.1.61 given a weakly toric monoid P, we defined an affine 
toric C-variety Zp = Hom(P, (C, •)), acted on by an algebraic C-torus Tp = 
Hom(P,C^). This is related to Xp above as follows. Write U(l) = {2 G C : 
l^l = 1 } C and Pp = Hom(P, U(l)) C Tp, so that Tp is a real torus, the 
maximal compact subgroup of Tp. Using C/U(l) = [0, 00 ), we can show there 
is a natural identification Xp = Hom(P, ([0, 00 ), •)) = Zp/Tp. 

Thus, the spaces Xp appear in the background of complex toric geometry, 
and several topics treated below — for instance, the boundary and corners of 
Xp — are related to well known facts in toric geometry. 

The next proposition gives an alternative description of the material of Def¬ 
inition in terms of choices of generators and relations for the monoids P, Q. 
The presentation of Proposition 13.141 is often easier to work with, but that of 
Definition 13.121 has the advantage of being intrinsic to the monoids P, Q, and 
independent of choices of generators and relations. 

Proposition 3.14. Suppose P is a weakly toric monoid. Choose generators 
Pi,..., Pm for P, and a generating set of relations for pi,..., pm of the form 

aipil - V ainPm = h{pi ^ - \-blnPm in P for j = 1,... ,k, (3.3) 

where a^bl G N for f = 1,..., m and j = 1,..., fc. Then: 

(a) X • • • X Xp^ : Xp [0, 00 )™ is a homeomorphism from Xp to 

Xp = {{xim ■ ■ ,Xm) G [0,oo)™ : xl^ ■■■x'fai =xf: ■■■x\t, j = l,...,fc}, (3.4) 


33 










regarding X'p as a closed subset of [0, oo)"* with the induced topology. 

(b) Let U C Xp be open, and write U' = (Ap^ x • • • x Ap^)(J7) for the cor¬ 
responding open subset of Xp. Then a function / : > R is smooth 

in the sense of Definition 13.121 if and only if there exists an open neigh¬ 
bourhood W of U' in [OjOo)'" and a smooth map g : W ^ ^ in the 
sense of regarding W as a manifold with corners, such that f = 

g o (Apj X • • • X Ap^) : —>■ R. The analogues hold for f : U ^ (0,oo), 

/ : —>■ [0, oo) and g '.W ^ {0, oo), g -.W ^ [{), cxd). 

(c) Now let Q be another weakly toric monoid. Choose generators qi,... ,qn 
for Q. Let V C Xq be open. Then a map f \ U ^ V is smooth in the 
sense of Definition 13.121 if and only if there exists an open neighbourhood 
W of U' in [ 0 , 00 )"* and a smooth map g : W ^ [0,oo)" in the sense of 
^2.11 such that {Xq^ x • ■ • x Ag„) o / = g o (Ap^ x • • • x Ap ^) : U [0, 00 )”. 

Proof. For (a), let x € Xp, so that x : P ^ ([0,oo), •) is a monoid morphism, 
and set Xi = x{pi) = Xp.{x) € [ 0 ,oo) for i = l,...,m. Since x is a monoid 

morphism, applying x to ( 1 ^ gives Xi'^ ■ ■ ■ x'irT' = ■ ■ ■ x^Jtt , as in (I33- As 

Pi,... ,Pm generate P, and (13.31) is a generating set of relations, we see that 
Apj X ■ • ■ X Ap^ maps x 1 -^ (xi,..., Xm), and gives a bijection Xp —>■ Xp. 

Let p G P. Then we may write p = Cipi + ■ • ■ + CmPm for ci,..., Cm G N, 
and Ap = {xf^ • • • xf^) o (Ap^ x • • • x Ap^). The topology on Xp is the weakest 

for which Xp : Xp ^ [0,oo) is continuous for all p € P. This is identified by 

Apj X • • • X Ap^ : Xp —>• Xp with the weakest topology on Xp C [0, 00 )"* such 
that xl^ ■■■x'^ : Xp [0,oo) is continuous for all ci,...,Cm G N. But by 
taking Ci = Sij for j = 1 ,..., m, we see this is just the topology on Xp induced 
by the inclusion Xp C [0, 00 )"*, which proves (a). 

For functions / : C/ —>■ R in (b), the ‘if’ part is trivial, taking ri,... ,r„ in 
Definition 13.121 to be pi,... ,Prm with n = m. For the ‘only if’ part, let / : C/ —>■ 
R be smooth in the sense of Definition 13.121 Then f{x) = g'[x{ri),... ,x{rn)) 
for all a; G U, where ri,..., r„ G P and g' : W —>■ R is smooth for W' an open 
neighbourhood of (A^ x • • • x Xr„){U) in [0, 00 )". Since pi,... ,Pm generate P 
we may write rj = YlT=i fo'^ '-b ^ ~ 1,...,m, j = 1,... ,n. Define 

W C [0, 00 )™ and 51 : IF ^ R by 

IF = {(xi,..., a;™) G [0, oor : ■ ■ •, • • • xJF") G IF'}, 

g{a;i,...,Xm) =g'(a;}“ • • • a;^S ..., a:}"" ■■■x^"). 

Then IF is an open neighbourhood of IP in [ 0 , 00 )™ and g is smooth, and 
f = g o (Apj X • ■ • X Ap^). This proves part (b) for / : C/ —>• R, and (b) for 
/:[/—>■ ( 0 , 00 ) follows. 

For functions / : C/ —>■ [0,oo) in (b), observe that if IF C [0, 00 )™ is open 
and connected and g '. W ^ [Q, 00 ) is smooth in the sense of T2.1I then either 
we may write 5 ( 3 : 1 ,..., Xm) = xf^ ■ ■ ■ xl^ ■ h{xi ,..., Xm), where ci,..., Cm G N 
and h : W (0, 00 ) is smooth, or 5 = 0. Using this and the argument of the 
first part of (b), we can prove (b) for / : C/ —>• [ 0 , 00 ). 
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For (c), first suppose f : U ^ V is a map, W is an open neighbourhood 
of U' in [0, oo)™, and g : W ^ [0, oo)" is smooth in the sense of f|2.11 with 
{Xq^x---xXqJof = go{Xp^x---xXp^) : U -)■ [0,oo)". Writeg = ( 51 ,..., 5 „), so 
that gi :W ^ [0, 00 ) is smooth. Then Xq^ of = go{Xp^ x • • ■ x Xp^) : C/ ^ [0, 00 ), 
so part (b) shows that Xq^ o f : U ^ [0, 00 ) is smooth in the sense of Definition 
13.121 for i = 1,..., n. Let q G Q. Then we may write q = ciqi + • ■ • + Cnq-n for 
Cl,..., c„ S N, as < 71 ,..., generate Q. Then 

XqOf = {Xq, o fY- ■ . . (A,„ o fY- : C/ ^ [0, (X)), 

so Xq o f : U ^ [0,oo) is smooth as in Definition 13.121 as the Xq^ o / are, and 
/:[/—>■ D is smooth as in Definition 13.121 This proves the ‘if’ part of (c). 

Next suppose f '■ U —>■ D is smooth in the sense of Definition 13.121 Then 
Xqi o f ■ U ^ [0,cx)) is smooth as in Definition 13.121 for each i = 
so by (b) there exists Wi C [0,oo)™ open and : Wi —)■ [0,oo) smooth as 
in go such that Xq. o f = gi o (Ap^ x ••• x Ap^) : U —[0, 00 ). Set W = 
Wi n • • • n Wn and g = gi\w x ■ ■ ■ x gYw : IF ^ [0, 00 )". Then g is smooth and 
(A ,1 X ■■■ X XqYo f = go (Api X • • • X Ap^) : D [0, 00 )”, proving the ‘only if’ 
part of (c), and completing the proof of the proposition. □ 

Example 3.15. (i) When P = N, points of Xn are monoid morphisms cc : N — >■ 
([0,oo), •), which may be written uniquely in the form x{m) = y™, m G N, for 
y G [0, 00 ). This gives an identification = [0, 00 ) mapping x y = a:{l). 

In Proposition 13.141 we may take P = N to be generated by pi = 1, with 
no relations. Then part (a) shows that Ai : ATn —>■ Ai^ = [0,oo) is a homeomor- 
phism, the same identification Aipj = [0, 00 ) as above. 

(ii) When P = Z, points of Xz are monoid morphisms x : Z ^ ([0, oo),-), 
which may be written uniquely in the form x{m) = e”’’^ for ?/ S K. This gives 
an identification Xz = R mapping x ^ y = loga:(l). 

In Proposition 13.141 we may take P = Z to be generated by pi = 1 and 
P 2 = —1) with one relation pi +P 2 = 0. Then part (a) shows that Ai x A_i is a 
homeomorphism from Xz to 


= {(a;i,a; 2 ) G [0,oo)^ : 2 : 10:2 = l}- 
In terms of the identification Xz = K G y above, we have 
A:^ = {(e2',e"^):yGM}=M. 

(iii) When P = x Z”“^, combining (i),(ii), points of Xp are monoid mor¬ 
phisms 0 : : P —> ([0, c»), •), which may be written uniquely in the form 

x{mi ,..., m„) = yY^ ■ • ■ 

for (yi,...,y„) G [0,oo)^ xM"”*’. This identifies — [0,cx))'‘’ x R"”*. 

We will often use the identifications ATn = [0, 00 ), Xz = R and X-^k^^^n-k = 
[0, 00 )^ X R"“^ = RJ! in (i)-(iii). Using Proposition 13.141 we see that in each 
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of (i)-(iii), the topology on Xp, and the notions of smooth functions U ^ M., 
U (0,oo), U [0,oo), agree with the usual topology and smooth functions 
(in the sense of il2.1l) on [0, oo), K., [0, oo)^ x Thus, the Xp for general 

weakly toric monoids P are a class of smooth spaces generalizing the spaces 
[0, oo)^ X R"”* used as local models for manifolds with corners. 

If P, Q are weakly toric monoids then so is P x Q, and monoid morphisms P x 
Q ([0, oo), •) are of the form {p, q) >->• x{p)y{q), where x : P ^ ([0, oo), •) and 
y • Q ([0jC»),-) are monoid morphisms. This gives a natural identification 
XpxQ = Xp X Xq. Using this and Example 13.151 we deduce: 

Lemma 3.16. Let P be a weakly toric monoid. Then P = P^ x where P** 
is a toric monoid and P^ = l} for I ^ 0. Hence Xp = Xp# x X^i = Xp# x 

Thus, we can reduce from weakly toric to toric monoids P by including 
products with R^ in the spaces Xp. A different way to reduce from weakly toric 
to toric monoids is to note that R* is diffeomorphic to (0,oo)* C [0, oo)^ = Xp^i, 
so Xp = Xp# X R^ is diffeomorphic to an open subset in Xp^ x [0, oo)^ = Xq, 
where Q = P^* x N* is toric, giving: 

Corollary 3.17. Let P be a weakly toric monoid. Then there exists a toric 
monoid Q and an open subset Uq C Xq such that Xp is diffeomorphic to Uq. 

The next proposition describes the interior Xp of Xp. 

Proposition 3.18. Let P he a weakly toric monoid, so that the interior Xp of 
Xp is an open subset of Xp. Set n = rankP. Then: 

(a) Xp is diffeomorphic in the sense of Definition 13.121 to R” = Xz". 

(b) Xp is the subset of points x & Xp which have an open neighbourhood in 
Xp homeomorphic to an open ball in R". 

Proof. For (a), points of Xp are monoid morphisms x : P ^ ((0, oo),-). As 
((0, oo),-) is a group, any such morphism factorizes through the projection 
P —>■ P®P, so points of Xp correspond to group morphisms P®p ^ ((0, oo), -). 
But PSP = Z", as P is weakly toric of rank n, and monoid morphisms Z" —>■ 
((0, oo),-) are points of X^n = R". Thus, a choice of isomorphism PSP = Z" 
induces an identification Xp = R" = X^n, and it is easy to see that this is a 
diffeomorphism in the sense of Definition 13.121 

For (b), if a: G Xp, part (a) implies that Xp is locally homeomorphic to R" 
near x. And if a; G Xp \ Xp then using Proposition 13.14l al we can show that 
Xp is not locally homeomorphic to R" near x. □ 

3.3 The category Man®^ of manifolds with g-corners 

We can now define the category Man®*^ of manifolds with generalized corners, 
or g-corners, extending Definition 12.21 for the case of ordinary corners. 
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Definition 3.19. Let X be a second countable Hausdorff topological space. 
An n-dimensional generalized chart, or g-chart, on X is a triple (P, U, </>), where 
P is a weakly toric monoid with rankP = n, and P is a submonoid of for 
some fc ^ 0, and P C Xp is open, for Xp as in >i3.2l and (j) : U —?> X is a 
homeomorphism with an open set 4>(U) in X. 

Let (P, U, (/>), {Q, V, Ip) be n-dimensional g-charts on X. We call (P, U, (p) and 
(QyVyip) compatible if 'tp~^ o (p : (p~^(^cp{U) HipiV)) ip~^{(p{U) (^ip{V)) is a 
diffeomorphism between open subsets of Xp, Xq, in the sense of Definition l3.12l 

An n-dimensional generalized atlas, or g-atlas, for X is a family {(P*, P®, </>*) : 
is/} of pairwise compatible n-dimensional g-charts on X with X = lJ-g^ (p‘^{W). 
We call such a g-atlas maximal if it is not a proper subset of any other g-atlas. 
Any g-atlas {(P®, P®, (p'^) : i € 1} is contained in a unique maximal g-atlas, the 
family of all g-charts (P, P, (p) on X compatible with (P®, P®, f/)®) for all i G I. 

An n-dimensional manifold with generalized corners, or g-corners, is a second 
countable Hausdorff topological space X with a maximal n-dimensional g-atlas. 
Usually we refer to X as the manifold, leaving the g-atlas implicit. By a g-chart 
(P, P, <p) on X, we mean an element of the maximal g-atlas. Write dimX = n. 

Motivated by Proposition 13.ISl bi . define the interior X° of an n-manifold 
with g-corners X to be the dense open subset X° C X of points x G X which 
have an open neighbourhood in X homeomorphic to an open ball in R®®. Then 
Proposition 13.181 implies that if (P, P, cp) is a g-chart on X then (p~^{X°) = U°, 
where U° GU G Xp is as in Definition 13.121 so (P, P°, (p) is a g-chart on X°. 

Let X, Y be manifolds with g-corners, and f : X ^ Y a continuous map of 
the underlying topological spaces. We say that / : X —>• F is smooth if for all 
g-charts (P, P, (p) on X and {Q, V, tp) on Y, the map 

o f o : {f o cP)-\p;{V)) ^ V (3.5) 

is a smooth map between the open subsets (/ o (p)~^{ip{V)) G U G Xp and 
V G Xq, in the sense of Definition 13.121 

This condition is local in X and Y, and it holds locally in some charts 
{P,U,(p) on X and {Q,V,'ip) on Y if and only if it holds on compatible charts 
{P',U',(p'), {Q',V',tp') covering the same open sets in X,Y. Thus, to show 
f : X ^ Y is smooth, it suffices to check (ixa is smooth only for (P, P, cp) in 
some choice of g-atlas {(P®, P®, (p"^) : i G 1} for X and for {Q, V, tp) in some choice 
of g-atlas {{Q^,V^,tp^) : j G J} for Y, rather than for all (P, P, (p), (Q, V, ip)- 

We say that / : X —>■ F is a diffeomorphism if it is a bijection, and both 
f : X ^ Y, f~^ : Y -G- X are smooth. 

We say that a smooth map / : X —>■ F is interior if /(X°) C F°. Equiva¬ 
lently, / is interior if the maps (13.51) are interior in the sense of Definition 13.121 
for all (P, P, (p), { Q,V, tp). 

In Definition 13.121 we saw that for open P G Xp, V G Xq, W C Xp, 
compositions g o / of smooth (or interior) maps f : U ^ V, g : V ^ W are 
smooth (or interior), and identity maps id;/ : U ^ U are smooth (and interior). 
It easily follows that compositions g o / : X —>■ F of smooth (or interior) maps 
f : X ^ Y, g : Y -G Z ot manifolds with g-corners are smooth (or interior), 
and identity maps idx : X —>■ X are smooth (and interior). 
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Thus, manifolds with g-corners and smooth maps, or interior maps, form a 
category. Write Man®*^ for the category with objects manifolds with g-corners 
X, Y and morphisms smooth maps f : X ^ Y, and ManP C Man®'^ for 
the (non-full) subcategory with objects manifolds with g-corners X, Y and mor¬ 
phisms interior maps f : X ^ Y. 

Write Man®"^ for the category whose objects are disjoint unions UZ=oXm, 
where X^ is a manifold with g-corners of dimension m, allowing X^ = 0, 
and whose morphisms are continuous maps / : Um=0^^ -Q : such 

that H f~^{Yn) —5> is a smooth map of manifolds with 

g-corners for all m, n ^ 0. Objects of Man®"^ will be called manifolds with g- 
corners of mixed dimension. We regard Man®^^ as a full subcategory of Man®^^ 
in the obvious way. Write ManP^ for the (non-full) subcategory of Man®*^ with 
the same objects, and morphisms / : Yn with /|x„n/-i(Y„) 

an interior map for all to, n. 

Alternatively, we can regard Man®*^, Man?)^ as the categories dehned exactly 
as for Man®*^, ManP above, except that in defining g-atlases {(P®, t/*, </>*) : i £ 
/} on X, we omit the condition that all charts (P®, P®, t/)®) in the g-atlas must 
have the same dimension rankP® = n. 

Remark 3.20. (a) Section [32] and Dehnition 13.191 were motivated by Kottke 
and Melrose’s interior binomial varieties [201 §9]. 

In fact Kottke and Melrose do rather less than we do: they define interior 
binomial subvarieties X only as subsets X G Y of an ambient manifold with 
corners Y, rather than as geometric spaces in their own right. Their local models 
for the inclusion X C X are essentially the same as our inclusion X'p C [0, oo)®®® 
in ProDOsition l3.14f a'). and they do not highlight the fact that Xp really depends 
only on the monoid P, and not on the embedding Xp ^ [0, oo)®®®. Nonetheless, 
it seems clear that Kottke and Melrose could have written down a definition 
equivalent to Definition |3T9l if they had wanted to. 

Our Man?)’ is equivalent to a full subcategory of Gillam and Molcho’s cat¬ 
egory of positive log differentiable spaces, 0 §6]. 

(b) In the definition of g-charts (P, U, (f) above, we require that the weakly toric 
monoid P is a submonoid of for some fc ^ 0. As in 113.11 every weakly toric 
monoid P is isomorphic to a submonoid of some , so this does not restrict P 
up to isomorphism. We assume it for set theory reasons, as if we did not then 
the maximal g-atlas {(P®, P®, (()®) : f £ /} of all g-charts (P, P, (p) on a manifold 
with g-corners X would not be a set, bnt only a proper class. We will generally 
ignore this issue. 

(c) As in Remark 12.51 for manifolds with (ordinary) corners, we can also define 
real analytic manifolds with g-corners, and real analytic maps between them. To 
do this, in Definition |3T2l if P is a weakly toric monoid and P C Xp is open, we 
call a continuous function / : P —R real analytic if there exist ri,... ,rn £ P, 
an open subset W C R®®, and a real analytic map g : IT —>■ R (i.e. the Taylor 
series of g at ic converges to g near w for all w £ IT), such that for all x £ P 
we have [x{ri ),..., x{rn)) £ IT and (13.21) holds. 
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If Q is another weakly toric monoid, V C Xq is open, and f : U ^ V is 
smooth in the sense of Definition 13.121 we say that / is real analytic if Ag o / : 
17 —>■ M is real analytic in the sense above for all q € Q. 

Then we define {(P*, t/*, (/>*) : i G /} to be a real analytic g-atlas on a 
topological space X as in Definition l3.191 except that we require the transition 
functions for i,jGl to be real analytic rather than smooth. We define 

a real analytic manifold with g-corners to be a Hausdorff, second countable 
topological space X equipped with a maximal real analytic g-atlas. 

Given real analytic manifolds with g-corners X, Y, we define a continuous 
map / : X —5> y to be real analytie if whenever {P,U, (p), {Q,V,ip) are real 
analytic g-charts on X, Y (that is, g-charts in the maximal real analytic g- 
atlases), the transition map o f o p in (13.51) is a real analytic map between 
open subsets of Xp,Xq in the sense above. Then real analytic manifolds with 
g-corners and real analytic maps between them form a category Man®^. 

There is an obvious faithful functor : Man®g —Man®'^, which on 

objects replaces the maximal real analytic g-atlas by the (larger) corresponding 
maximal smooth g-atlas containing it. Essentially all the material we discuss for 
manifolds with g-corners also works for real analytic manifolds with g-corners, 
except for constructions requiring partitions of unity. 

Example 3.21. Let P be a weakly toric monoid. Then Xp is a manifold with 
g-corners, of dimension rankP, covered by the single g-chart (P, Xp,idxp). 

Let /i : Q —>■ P be a morphism of weakly toric monoids. Define X^ : Xp —>■ 
Xq by X^{x) = xo/i, noting that points x G Xp are monoid morphisms x : P —?> 
([0, cxd), •). It is easy to show that X^ : Xp —>• Xq is a smooth, interior map 
of manifolds with g-corners, and we have a functor X : (Mon'^*)°P —>■ Man®^^ 
mapping P i—Xp on objects and fi i—X^ on morphisms. 

We relate manifolds with g-corners to manifolds with corners in lj2j 

Definition 3.22. Let X be an n-manifold with (ordinary) corners, in the sense 
of >12.11 Then X has a maximal atlas of charts (P, (p), where U C = [0, cxd)^ x 
is open and <p :U ^ X is a homeomorphism with an open set p(U) C X, 
as in Definition 12.21 We can turn X into a manifold with g-corners as follows. 
Let (P, (p) be a chart on X with P C [0, oo)^ x open. As in Example 

I3.15f iiil we identify Xf^fc^Z”-'= — [0,cx))'' x so we may regard P as an 

open set in Xjqky,^n-k, and thus (N^ x Z"“*, P, <p) is a g-chart on X. 

If {V,ip) is another chart on X and (N* x lP~\V^ip) the corresponding g- 
chart, then {U,<p), {V,ip) compatible in the sense of Definition 12.21 implies that 
(N* X P, (p), (N* X y, ^p) are compatible g-charts. Hence the maximal 
atlas of charts (P, </>) on X induces a g-atlas of g-charts (N* x Z"“^,P, ^) on 
X, which is a subatlas of a unique maximal g-atlas of g-charts (P, P, (p) on X, 
making X into a manifold with g-corners, which we temporarily write as X. 

Thus, every manifold with corners X may be given the structure of a mani¬ 
fold with g-corners X. If X,Y are manifolds with corners and X,y the corre¬ 
sponding manifolds with g-corners, then Proposition l3.l4I cl implies that a map 
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f : X ^ Y is a smooth map of manifolds with corners, as in il2.ll if and only 
f : X ^ Y is a smooth map of manifolds with g-corners, in the sense above. 

Dehne ^ Man®^^ by : X X on objects and 

• / '^ / on morphisms. Then T’^an*'' i® faithful, and embeds 

the category Man'^ from ^Has a full subcategory of the category Man®^^ above. 
Also T"Man* takes interior maps in Man*^ to interior maps in Man®*^, and so 

restricts to a full and faithful embedding J^Man?" ■ IVIan?^ Manf„^ 

Similarly, we regard Man'^ in il2.1l as a full subcategory of Man®"^ above. 

Let X be an n-manifold with g-corners. Then X = ^or some 

n-manifold with corners X if and only if X admits a cover by g-charts of the 
form (N^ X Z"“^,{7,0), and then the maximal atlas for X is the family of all 
{U, (j)) with (N^ X U, (p) a g-chart on X. 

From this we see that the subcategory (Man‘^) in Man®"^ is closed 

under isomorphisms in Man®*^ (it is strictly full), and is strictly isomorphic 
(not just equivalent) to Man'^. We will often identify Man'^ with its image 
-^Man* (Man‘^) in Man®^^, and regard Man*^ as a subcategory of Man®"^ (and 
similarly ManP^ as a subcategory of Man?)^ C Man®"^), and manifolds with 
corners as special examples of manifolds with g-corners. Since the only difference 
between a manifold with corners X and the corresponding manifold with g- 
corners X is the maximal atlas {({7®,^®) : j S /} on AT or g-atlas {(P®, 17®, (/>®) : 
i G 1} on X, and we rarely write these (g-)atlases down, this identification 
should not cause confusion. 

As in l}2l we have full subcategories Man, Man*^ C Man^® of manifolds with¬ 
out boundary and manifolds with boundary, and non-full subcategories Man^^, 
Manjg C Man*® of strongly smooth and interior strongly smooth morphisms 
in Man*®. We consider all of these as subcategories of Man®*®. If X is any 
manifold with g-corners then X° is a manifold without boundary, that is, 
A:° G Man C Man®®®. 

Example 3.23. The Xp we now describe is the simplest example of a manifold 
with g-corners which is not a manifold with corners. We will return to this 
example several times to illustrate parts of the theory. Define 

P = {(a, 6, c) G : a ^ 0, 6 7® 0, a -I- 5 c ^ O}. 

Then P is a toric monoid with rank 3, with P®p = Z^ D P. Write 

Pi = (1,0,0), P2 = (0,1,1), P3 = (0,1,0), P4 = (1,0,1). (3.6) 

Then Pi,P 2 ,P 3 ,P 4 are generators for P, subject to the single relation 

Pi +P2 = P3 +P4- 

Thus Proposition 13. 14l al shows that 

Xp = Xp = {(a;i,ai2,a;3,a;4) G [0,00)^^ : a;ia;2 = a;3a;4}. (3.7) 
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Figure 3.1: 3-manifold with g-corners X'p = Xp in (1X71) 

We sketch X'p in Figure [XT! We can visualize Xp = X'p as a 3-dimensional 
infinite pyramid on a square base. Using the ideas of 113.41 X'p has one ver¬ 
tex (0,0,0,0) corresponding to Jq G Xp mapping Sq : P ^ ([0, oo),-) with 
So{p) = 1 if p = ( 0 , 0 , 0 ) and 6o{p) — 0 otherwise, four 1 -dimensional edges of 
points (xi, 0, 0,0), (0, X 2 ,0, 0), (0, 0, X 3 ,0), (0,0, 0, X 4 ), four 2 -dimensional faces 
of points (xi, 0 , cca, 0 ), (xi, 0 , 0 ,X 4 ), ( 0 , a:: 2 , 2 : 3 , 0 ), ( 0 , 0 : 2 , 0 , 0 : 4 ), and an interior 
X'p = of points (a;i,X 2 , 2 : 3 , 2 : 4 ). Then Xp \ {^o} is a 3-manifold with cor¬ 
ners, but Xp is not a manifold with corners near Jg, as we can see from the 
non-simplicial face structure. 

Remark 3.24. Looking at Figure [XTJ h is tempting to try and identify Xp in 
Example 13.231 with a polyhedron in with four linear faces, and one vertex 
like a corner of an octahedron. However, this is a mistake. Although the 
combinatorics of the edges, faces, etc. of Xp are those of a polyhedron in R^, 
the smooth structure near ( 0 , 0 , 0 , 0 ) is different to that of a polyhedron. 

Definition 3.25. If P, Q are weakly toric monoids then P x Q is a weakly toric 
monoid, and XpxQ = Xp x Xq. Thus, the class of local models for manifolds 
with g-corners is closed under products. Therefore, if X, Y are manifolds with 
g-corners, we can give the product X x F the structure of a manifold with g- 
corners, such that if X, Y are locally modelled on Xp, Xq near x, y then X x F 
is locally modelled on XpxQ near {x,y). That is, if {P,U,(j)) and {Q,V,ip) are 
g-charts on X, F then {P x Q,U x V,(j) x tp) '^s a. g-chart on X x F, identifying 
U X V C Xp X Xq with an open set in XpxQ = Xp x Xq. 

There are also two notions of product morphism in Man®"^: if / : VF ^ F 
and g : X ^ Z are smooth (or interior) maps of manifolds with g-corners then 
the product fxg:WxX^Y x Z mapping f x g : (w,x) 1 -^ (f(w),g(x)) 
is smooth (or interior), and if f : X ^ Y, g : X ^ Z are smooth (or interior) 
maps of manifolds with g-corners then the direct product {f,g):X^YxZ 
mapping (/,(/) : x 1 —>■ {f{x),g{x)) is smooth (or interior). 
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3.4 Boundaries dX^ corners C'fc(X), and the corner functor 

In Definition 12.61 we defined the depth stratification X = of a 

manifold with corners X. We now generalize this to manifolds with g-corners. 

Definition 3.26. Let P be a weakly toric monoid, and F a face of P, as in 
ii3.1.5l For Xp,Xp as in ^13.21 define an inclusion map ip : Xp ^ Xp by 
ip{y) = y, where y € Xp so that y : F [0, oo) is a monoid morphism, and 
y : P —>■ [0, oo) is defined by 


y{p) = 



pGF, 
p e P\F. 


The condition in Definition 13.91 that ii p,q € P with p + q € F then p,q € F 
implies that y is a monoid morphism, so y G Xp. Then ip : Xp ^ Xp is a 
smooth, injective map of manifolds with g-corners. 

For each x G Xp, define the support of x to be 


supp X = {p G P '■ x{p) 7 ^ 0}. 


It is easy to see that supp a: is a face of P. For each face P of P, write 
Xp = {x € Xp : suppx = P}- 
Then the interior Xf is Xp, and we have a decomposition 

Xp = TT X^. (3.8) 

From the definition of : Xp ^ Xp, it is easy to see that 

.Y; = i?(A-p and ^ = II,„ „ p (3.9) 


where Xp is the closure of Xp in Xp. By Proposition I3.18l al we have a 
diffeomorphism Xp = Xf = = j^rankP-codimF^ Thus (13.81) is a locally 

closed stratification of Xp into smooth manifolds without boundary. 

For X G Xp, define the depth depthj^-^ x to be codim(suppx) = rankP — 
rank(supp x), so that depthj^p x = 0,..., dimXp. For each I = 0,, dimXp, 
define the depth I stratum of Xp to be 

S^Xp) = {x € Xp : depthjf^ x = l}. 

Then the interior Xp is 5'°(Xp), and 


S\Xp) 


1 —Ifaces F of P: codim F — I 


X 




(3.10) 


so that S^{X) is a smooth manifold without boundary of dimension dimXp — I, 
and (13.9|) implies that ^^(Xp) = 5'^(Xp). Hence 


Xp = 


-|- -|-dim Xp 


S\Xp) 
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is a locally closed stratification of Xp into smooth manifolds without boundary. 

If 17 C Xp is an open set, we define S^U) = U Cl S’‘{Xp) = [u € U : 
depthjj-^ M = 1} for 1 = 0,, dimXp = dim U. Then U = <5'*(17). 

As in Definition I2.15r bl. for x & Xp write I^^Xp) for the set of germs [&] 
at X of interior maps b : Xp ^ [0, oo). It is a monoid under multiplication. 
Using the notation of 113.11 the units Xx{Xp)^ are germs [&] with h{x) > 0, and 
Ix{Xp)^ = Xx{Xp)/Xx{Xp)^. Consider the monoid morphism 

lix-.P ^Xx{Xp)\ IVx-.p^[\j>]-Xx{Xp)^. 

Using Definition [2T0l we see that 11 is surjective, with kernel suppx. Therefore 

P/ supper = Xx{Xpf. 

Thus Xx{Xp)‘^ is a toric monoid, with 

rank(l 2 ,(Xp)**) = rankP — rank(suppa:) = depthj^p x. 

Hence if t/ Q Xp is open then for 1 = 0,..., dim U we have 

S\U) = {u&U : rank(l^(t7)“) = l}. (3.11) 

Now (I3.11|) depends only on 17 as a manifold with g-corners, rather than 
as an open subset of some Xp. It follows that the depth stratification U = 
'i'n-variant under dijfeomorphisms. That is, if P,Q are weakly 
toric monoids with rankP = rankQ, and U C Tfp, V C Xq are open, and 
/ : 17 —7- U is a diffeomorphism in the sense of il3.2l then / (S'*(17)) = S*(U) for 
1 = 0,..., dim U = dim V. 

Let 7f be a manifold with g-corners. For x G X, choose a g-chart {P, U, fi) 
on the manifold X with 4’{u) = x for u G U, and define the depth depths x 
of a: in X by depth^ x = depthj^^, u. This is independent of the choice of 
{P^U^fi), by invariance of the depth stratification under diffeomorphisms. For 
each 1 = 0,..., dimX, define the depth 1 stratum of X to be 

S\X) = {x G X : depth x = l}. 

Then X = 5'*(X). Each S*(X) is a manifold without boundary of di¬ 
mension dimX — 1, with S°(X) = X°, and S*(X) = S*'(X), since this 

holds for the stratifications of the local models U C Xp. 

Example 3.27. Let P = N*'x Z"'”*', and identify Xp with = [0, 00 )*“ 

as in Example l3.15r iiiL Then faces P of P are in 1-1 correspondence with subsets 

/ C {l,...,fc}, where the face Fj corresponding to a subset I is 

Fi = {(ai,...,a„) e X Z"-*= : a. = 0 for 1 S /}, 

so that rankP/ = n — \I\ and codim P/ = |J|. We can show that 

Xpj = {(a;i,... jXn) G Rfc : a;* = 0, 1 e 7, and xj ^ 0, j G {1,..., fc} \ /}, 
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so that ^ (0, oo)'=-l^l X R”"'= Thus, for {xi,... ,Xn) G Xp ^ 

depthjjf^ X in Definition 13.261 is the number oi xi,... ,Xk which are zero, and 

S\K) = {{xu... , Xn) G R^ : exactly I out of xi,..., are zero}. 

But this coincides with the definition of depth^n x and S'^(R^) in Definition 
12.61 Therefore we deduce: 

Corollary 3.28. Let X be a manifold with corners as in IJH and regard X as 
a manifold with g-corners as in Definition 13.221 Then the two definitions of 
depth depths X for x € X, and of the depth stratification X = 
in Definitions 12.61 and 13.261 agree. 

Following Definition 12 . 71 closely, we define boundaries dX and corners Ck{X) 
of manifolds with g-corners. 

Definition 3.29. Let X be an n-manifold with g-corners, x € X, and k = 
0,1,... ,n. A local k-corner component j of X at x is a local choice of con¬ 
nected component of S^{X) near x. That is, for each sufficiently small open 
neighbourhood V of x in A, 7 gives a choice of connected component W of 
V n with X £ W, and any two such choices V,W and V',W' must be 

compatible in that x € {W nlF'). When fc = 1, we also call local 1-corner 
components local boundary components of X at x. 

As sets, define the boundary dX and k-corners Cfc(A) for A: = 0,1,..., n by 

dX = {(x,/3) : xGX, P is a local boundary component of A at x}, 
Ck{X) = {(x, 7 ) : X G A, 7 is a local fc-corner component of A at x}, 

so that dX = Cl (A). Since each x G A has a unique 0-boundary component 
[A°], we have Co(A) = A. Define maps ix ■ dX —>• A, 11 : Ck{X) A, 
t : A —>• Co(A) by ix '■ (x, /3) >-)• x, 11 : (x, 7 ) !->■ x and t : x 1 -^ (x, [A°]). 

We will explain how to give dX,Ck{X) the structure of manifolds with g- 
corners, so that ix, B, t are smooth maps, with t a diffeomorphism. Let (P, U, fi) 
be a g-chart on A, and u £ U C Xp with (j){u) = x £ X. Then (|3.10p gives 


5'([/) = U 


faces F of P: codim F = k 


x^nu 


As Xfi = R" ^ is connected, and furthermore locally connected in Ap, we 
see that local /c-corner components of [/ at u are in 1-1 correspondence with 
faces F of P with codim F = k, such that u £ Xfi. Hence by (13.9p . local k- 
corner components of 17 at u are in 1-1 correspondence with faces F of P with 
codimF = k such that u £ i^^Xp). Thus, we have natural 1-1 correspondences 


Ck{X)^If-\fi{U)) 

= {(x, 7 ) : X G fiiU) C A, 7 is a local fc-corner component of A at x} 
= {(u,, 7 ') : u £ U, y is a local fc-corner component of U at u} 


n 


faces F of P: codim F = k 




(3.12) 


44 











where {ip)~^{U) C Xp is an open set. 

For each face F oi P with codimF' = fc, let (pp : {ip)~^{U) —5> n“^(0(17)) C 
Ck{X) be the map determined by p.l2l) . Then (F, {ip)~^{U), pp) is a g-chart of 
dimension n — fc on Ck{X), and the union of these over all F covers n“^(0(C/)). 
If (P'j U', p') is another g-chart on X then (P, U, (p), (P', U', p') are compatible. 
Using this one can show that the g-charts {F,{ip)~^{U),pp) on Ck{X) from 
{P,U,p) and [F',{ip,)~^{U'),pp,) from {P',U',p') are pairwise compatible. 
Hence the collection of all g-charts [F,{ip)~^{U),pp) on Ck{X) from all g- 
charts (P, P, p) on X is a g-atlas, where Ck{X) has a unique Hausdorff topology 
such that pp is a homeomorphism with an open set for all such g-charts, and 
the corresponding maximal g-atlas makes Ck{X) into an (n — /c)-manifold with 
g-corners, and dX = Ci{X) into an (n — l)-manifold with g-corners. 

Example 3.30. Let P be a weakly toric monoid, and take X = Xp in Definition 
13.291 so that X is covered by one g-chart {P,Xp,idxp)- Then taking U = Xp 
in (I3.12P gives a diffeomorphism 

CkiXp)^]] Xp. (3.13) 

' ^ J-*-faces F of P: codim F = k ' ^ 


Example 3.31. Set P = {(a, &, c) € : a ^ 0, b ^ 0, a + b ^ c ^ O}, as in 
Example 13.231 Then P has one face P = P of codimension 0, four faces P of 
codimension 1 all with P = N^, four faces P of codimension 2 all with P = N, 
and one face P = {0} of codimension 3. Thus by (13.131) we have diffeomorphisms 

Co(Xp) ^ Xp, Ci(Xp) = dXp^lO,oofUlO,oofUlO,oofUlO,oof, 
C 2 (Xp) ^ [0, oo) n [0, oo) n [O, oo) n [O, oo) and CaiXp) ^ *. 

From these we deduce that 

d^Xp = 8 copies of [0, cxd), d^Xp = 8 points. 

We use these to show that some results in H2.2\ for manifolds with 
are false for manifolds with g-corners. For a manifold with (ordinary) 

X, equations (1^ . (lO) . (1^ and (1^ say that 

Ck{X) ^ {{x, {/3i,... ,/3/c}) ■. X & X, Pi,.. . ,Pk are distinct 
local boundary components for X at a:}, 

Qkx ^ |(a:,/3i,..., Pk) : X € X, Pi,...,Pk are distinct 
local boundary components for X at a:}, 

Ck{X) d'^X/Sk, 
dCk{X) ^ CkidX), 

using in (13.161) the natural free S'/j-action on d^X permuting Pi,..., Pk in (l3dB . 

For the manifold with g-corners Xp, equation (13.141) is false for fc = 2, 3, as 
over X = So there are 4 points on the l.h.s. and 6 points on the r.h.s. for k = 2, 


corners 

corners 

(3.14) 

(3.15) 

(3.16) 

(3.17) 
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and 1 point on the l.h.s. and 4 points on the r.h.s. for fc = 3. Similarly (13.151) is 
false when k = 2,3. Equation (13.161) is true when k = 2, but false when fc = 3, 
since S 3 cannot act freely on 8 points, and even for a non-free action, d^Xp/S 3 
would be at least two points. In (I3.17P for Xp when fc = 2, both sides are four 
points. However, the l.h.s. corresponds to the four edges in Figure IXTl and the 
r.h.s. to the four faces in Figure 13.11 There is no natural 1-1 correspondence 
between these two four-point sets equivariant under automorphisms of Xp, so 
(I3.17P is false for Xp, that is, there is no such canonical diffeomorphism. 

Example [331] shows that in general p.l4l) - (l3.17l) are false for manifolds with 
g-corners X, at least for fc ^ 3. But some modifications of them might be true, 
and we certainly expect some relation between d^X and Ck{X). By considering 
local models Xp, and some simple properties of faces in weakly toric monoids, 
one can prove the following proposition. The moral is that for fc = 2, equations 
(I3.14p - (I3.16I) have a good extension to manifolds with g-corners, but for fc ^ 3 
they do not generalize very well. 


Proposition 3.32. Let X be a manifold with g-corners. Then: 


(a) There are natural identifications 


C' 2 (X) = {(x, {/3i,/ 32 }) : x€X, Pi, (32 are distinct local boundary 
components of X at x intersecting in codimension 2}, 
d^X=\^{x,Pi,P 2 ) : xGX, Pi,P 2 are distinct local boundary 
components of X at x intersecting in codimension 2}. 


(3.18) 

(3.19) 


There is a natural, free action of S 2 = Z 2 on d^X, exchanging Pi,P 2 in 
(13.191) . and a natural diffeomorphism ( 72 (X) = d^XjS 2 . 

(b) For all k = 0,1,..., dimX there are natural projections tt : d^X —> Ck(X) 
which are smooth, surjective, and Stale (a local diffeomorphism). 

(c) The symmetric group Sk for fc ^ 2 is generated by the fc — 1 two-cycles 
(12), (23), • • • , (fc —1 fc), satisfying relations. Thus, an Sk-action on a space 
is equivalent to fc — 1 actions of S 2 = Z 2 , satisfying relations. 

We can define fc — 1 actions of S 2 on d^X as follows: for j = 0,..., fc — 
2, part (a) with d^X in place of X gives an S 2 -action on ct-l+^X, and 
applying induces an S 2 -action on d^X. If X has ordinary corners, 

these fc — 1 S 2 -actions satisfy the relations required to define an Sk-action 
on d^X, but if k 3 and X has g-corners they may not satisfy the 
relations, and so generate an action of some group G ^ Sk on d^X. 


Here in (I3.18I) - (I3.19I) . distinct local boundary components Pi,P 2 of X at x 
may intersect in codimension 2, 3,..., dimX. For example, Xp in ExamDle l3.23l 
has four local boundary components P 13 , P 32 ,P 2 A, Pai, at x = dp, of which adja¬ 
cent pairs {Pi 3 , P 32 ), {P 32 , P 2 a), (P 2 A, Pai) and {Pai,Pi 3 ) intersect in codimension 
2, and opposite pairs {Pi 3 ,P 2 a) and {P 32 ,Pai) intersect in codimension 3. 

Here is the analogue of Lemma 12.91 
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Lemma 3.33. Let f : X ^ Y be a smooth map of manifolds with g-corners. 
Then f is compatible with the depth stratifications X = U-o S’^ix), 

Y = Definition 13.261 in the sense that i/ 0 ^ VL C S^{X) is a 

connected subset for some /c ^ 0, then f{W) C S’'{Y) for some unique I ^ 0. 

Proof. The lemma is a local property, so by restricting to single g-charts on 
X, Y, we see it is sufficient to prove that if P, Q are weakly toric monoids, 
U C Xp, V C Xq are open, and f : U ^ V is smooth in the sense of Definition 
13.121 then / preserves the stratifications U = S^{U), V = S^V). 

In Definition l3.261 S'^{U) is a disjoint union of pieces UCiXp for codim F = k, 
where the subsets Xp C Xp may be characterized as subsets where either 
Ap = 0 (if p ^ F) or Ap > 0 (if p € F), for each p G P. Thus we see that 

{S CU : for some fc ^ 0, F is a connected component of S'*(t/)} 

= {S C U : for some / C P, S' is a connected component of (3.20) 
{u G U : Xp{u) = 0 for p e /, Ap > 0 for p G P \ /}}. 

The analogue also holds for V. Now as / : P —>■ D is smooth, Definition 13.121 
implies that for each q G Q, locally on U we may write Xq o f = h ■ Xp for some 
p G P and h > 0, or Aq o / = 0. Hence locally on U, f pulls back subsets 
{Aq = 0} and {A, ^ 0} in V for q G Q to subsets {Ap — 0} and {Ap ^ 0} for 
p G P, or else / pulls back {A^ = 0} to P and {A, > 0} to 0. This implies that 
/ maps each set in the r.h.s. of (13.201) for P to a set in the r.h.s. of (I3.20p for V. 
The lemma then follows by (13.201) for P, H. □ 

Here is the analogue of Definition 12.101 

Definition 3.34. Define the corners C{X) of a manifold with g-corners X by 
C{X) = ut”"" Ck(x) 

= {(a;, 7 ) : cc G X, 7 is a local fc-corner component of X at a:, fc ^ O}, 

considered as an object of Mans‘S in Definition 13.191 a manifold with g-corners 
of mixed dimension. Define a smooth map H : C{X) —>■ X by H : (x, 7 ) 1 -^ x. 

Let / : X —)• F be a smooth map of manifolds with g-corners, and suppose 
7 is a local fc-corner component of X at x G X. For each sufficiently small open 
neighbourhood V of x in X, 7 gives a choice of connected component W of 

V n 5'^(X) with X G W, so by Lemma 15.331 f(W) C S^{Y) for some 1^0. As 
/ is continuous, f{W) is connected, and /(x) G f{W). Thus there is a unique 
Z-corner component /*( 7 ) of Y at /(x), such that if H is a sufficiently small open 
neighbourhood of /(x) in Y, then the connected component W oiV G\ S\Y) 
given by /*( 7 ) has W ("I /(IF) 7 ^ 0. This /*( 7 ) is independent of the choice of 
sufficiently small V, V, so is well-defined. 

Define a map C{f) : C'(X) ^ C(Y) by C{f) : (x, 7 ) i-G (/(a:),/^( t))- A 
similar proof to Definition 12.101 shows C{f) is smooth, that is, a morphism 
in Man®"^. If g : Y Z is another smooth map of manifolds with corners, 
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and 7 is a local fc-corner component of X at x, then (g o /)*( 7 ) = g* o /*( 7 ) 
in local m-corner components oi Z dX g o f{x). Therefore C{g o /) = C{g) o 
C{f) : C{X) ^ C{Z). Clearly C'(idx) = idc(x) : C{X) C(X). Hence 
C : Man®'^ —>■ Man®° is a functor, which we call the corner functor. We extend 
C to C : Man®^^ Man®‘= by Xm) = Um^o C{Xm)- 

As in ^3.31 we have full subcategories Man'^ C Man®*^, Man*^ C Man®*^. 
Corollary 13.281 implies that the definitions of C : Man®"^ —>■ Man®"^, C : 
Man®‘= Man®"^ above restrict on Man*^, Man'^ to the corner functors 
C : Man^^ -> Man*^, C : Man'^ —^ Man'^ defined in N2.2I 

We show corners are compatible with products. 

Example 3.35. Let X, Y be manifolds with g-corners, and consider the product 
X xY, with projections ttx : X xY X, tty ■ X x Y Y. We form C{ttx) ■ 
C{X X F) —^ C{X), C(tty) ■ C{X X F) —>• C'(F), and take the direct product 

{C{ttx), C{tty)) : C{X x F) ^ C(X) x C(F). (3.21) 

Since S'^(WxF) = S^{X)xS^ (Y), from Definition l53^ we can show that 

p.2ip is a diffeomorphism. Thus, as for (I2.10I) - (I2.11I) we have diffeomorphisms 

d{X X F) ^ (dX X F) n (X X dY), 

Cu{X X F) - U.,,>o. X Q(F). 

The functor C preserves products and direct products, as in Proposition l2.111 fl. 

Here is a partial analogue of Proposition [2Tl] The proof is straightforward, 
by considering local models. 

Proposition 3.36. Let f:X^Y be a smooth map of manifolds with g-corners. 

(a) C{f) : C{X) —>■ C'(F) is an interior map of manifolds with g-corners of 
mixed dimension, so C is a functor C : Man®'^ —>■ Man?)^. 

(b) / is interior if and only if C{f) maps Co{X) C'o(F), if and only if the 
following commutes: 


C{X) - — -^ C(F). 

Thus 6 : Id^C is a natural transformation on Id, ClMan?” ■ Man?^ —s-Man?)^. 

(c) The following commutes: 


C{X) 


a: - 


CU) 

f 


C{Y) 


■F. 


Thus H : C =7 Id zs a natural transformation. 
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3.5 B-tangent bundles ^TX of manifolds with g-corners 

Here is the analogue of Definition 12.131 

Definition 3.37. We define vector bundles over manifolds with g-corners ex¬ 
actly as for vector bundles over other classes of manifolds: a vector bundle 
E ^ X of rank rank E = k is a smooth map tt : E ^ X oi manifolds with 
g-corners, with a vector space structure on the each fibre E^ = Tr~^(x) for 
X € X, which locally over X admits a smooth identification with the projection 
X X > X, preserving the vector space structures on each E^. 

Sometimes we also consider vector bundles of mixed rank E —>■ X, in which 
we allow the rank k to vary on different connected components of X. This 
happens often when working with objects X = Um=o ™ Man®^^ from if3.3l 
for instance, the b-tangent bundle ^TX has rank m over X^ for each m. 

In ^12.31 we defined tangent bundles TX and b-tangent bundles ^TX for a 
manifold with (ordinary) corners. The expressions (12.131) for T^X, and (12.141) for 
^Tj-X, also make sense for manifolds with g-corners. The next example shows 
that for manifolds with g-corners X, ‘tangent bundles’ TX are not well-behaved. 

Example 3.38. Let Xp be the manifold with g-corners of ExamDle l3.23l Define 
TxXp by (I2.13|) for all x G Xp. As Xp \ {Jg} is a manifold with corners of 
dimension 3, as in )f2.3l we have dimT^jXp = 3 for all Sq ^ x G Xp. However, 
calculation shows that TggXp has dimension 4, with basis Vi,V 2 ,V 3 ,V 4 which 
act on the functions Xp : Xp [0,oo) for p € P by ?^i([Ap]) = 1 if p = pi 
and ni([Ap]) = 0 otherwise, where pi,p 2 ,P 3 ,P 4 are the generators of P in (13.61) . 
Thus, n : TXp ^ Xp is not a vector bundle over Xp, but something more like 
a coherent sheaf in algebraic geometry, in which the dimensions of the fibres are 
not locally constant, but only upper semicontinuous. Also TXp does not have 
the structure of a manifold with g-corners in a sensible way. 

Because of this, we will not discuss tangent bundles for manifolds with cor¬ 
ners, but only b-tangent bundles ^TX, which are well-behaved. First we define 
^TX, and ttx ■ ^TX X, f : ^TX ^TY just as sets and maps. 

Definition 3.39. Let X be a manifold with g-corners, and x G X. Define 
C'“(X),Xa;(X) and ev, exp,inc as in Definitions 12.141 and 12.151 As in (12.141) . 
define a real vector space ^T^X by 

^TxX = {(z;,-!;') : z; is a linear map C^{X) R, 
v' is a monoid morphism Xx{X) —^ R, 
z;([a]-[6])=z;([a])ev([&])-bev([a])n([5]), all [a\,[h]GC^{X), 
v' oexp([a]) = u([a]), all [a] G C'^{X), and 
z;oinc([6]) = ev([&])z;'([6]), all [&] GTx{X)"\. (3.22) 

The conditions in (13.221) are not all independent. As a set, define ^TX = 
{{x,v,v') : X G X, {v,v') G ^PcX}, and define a projection ttx ■ ^TX —> X by 
TTX : [x,v,v') !->■ X, so that 7r^^(x) = ^TxX. 
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If / : X —>■ 1" is an interior map of manifolds with g-corners, define a map 
of sets ’^Tf : ^TX —^ ^TY as in Definition 12.151 bv f : {x,v,v') {y,w,w') 

for y = f{x), w = V o f and w' = v' o f ^ where composition with / maps 
of : C^{Y) C^{X), of : Iy{Y) as / is interior. 

li g : Y —>■ .Z is a second interior map of manifolds with g-corners, it is easy 
to see that ^T{gof) = ^Tgo^Tf : ^TX ^TZ, and ^r(idx) = id„Tx ■ ^TX 
^TX, so the assignment X ^TX, f i—>■ ’^Tf is functorial. 

In Definition l3.43l below we will give ^TX the structure of a manifold with g- 
corners, such that ttx : X X is smooth and makes ^TX into a vector bundle 
over X, and f : ^TX ^TY is smooth for all interior maps f : X ^ Y. 
First we explain this for the model spaces Xp. Equation (13.241) shows that for 
monoids, passing from Xp to ^TXp corresponds to passing from P to P x PSP. 

Proposition 3.40. Let P be a weakly toric monoid, so that Xp is a manifold 
with g-corners as in Example 13.211 with b-tangent bundle ^TXp. Then there 
are natural inverse bijections $p,4'p in the diagram 

^TXp ^ Xp X Hom(P8P,IR), (3.23) 

<J> p 

where Hom(P®P,]R.) Qjid are compatible with the projections 

TT : ^TXp Xp, Xp X Hom(PSP^]g) Xp. Also there are natural bijections 

Xp X Hom(psP,R) ^Xpx Xpgp ^ XpxPgP. (3.24) 

Proof. As P is weakly toric we have a natural inclusion P ^ PSP, where P®p = 
IT for r = rankP, so that Hom(P8P,R) = R’’. There are obvious natural 
bijections Hom(PSP,IR) = Xpep and Ap x Xq = Xp^Q, so (13.241) follows. 

For {x,y) G Xp x Hom(PSP,R) define a map Vx,y ■ C^{Xp) —>• R by 

Vx,y ■■ [a] '—^ ELi ^,{x{ri),...,x{rn)) • a:(r,) - yin) (3.25) 

if U is an open neighbourhood of a; in Ap, a : P ^ R is smooth, and as 
in Definition 13.121 we write a ■. x' ^ g{x'{ri),... ,x'{vn)^ for x' € U, where 
ri,..., r„ G P and 5 : VF —)• R is smooth, for W an open neighbourhood of 
(Apj X • • • X Ar„)(P) in [0, 00 )". 

Similarly, define v'^^y : Xa;(Ap) —>• R by 

v'x,y ■■ [b] I—^ y(p) +Er=i ^(log/i)(a;(D),---,a:(?'„)) -xir,) ■ y{ri) (3.26) 

if U is an open neighbourhood of x in Ap, 6 : P —[0, 00 ) is interior, and as in 
Definition 13 .1 21 we write b : x' ^ x'{p) ■ h(^x'{ri),... ,a;'(r„)) for x' G U, where 
p,ri,... ,rn G P and h : W ^ {0, 00 ) is smooth, for IF an open neighbourhood 
of (Ap^ X • • • X Ar^)(P) in [0, 00 )". 

It is not difficult to show that Vx,y,v'„.y are independent of the choices 
of presentations for a,h, and that they satisfy the conditions of (I3.22L so 
i'^x.y,Vx^y) G ^TxXp. Define 

$P : Ap X Hom(P®P,R) —5> '‘TXp by $p : {x,y) 1 —)• {x,Vx,y,v'x^y). 
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Now let {x,v,v') € ^TXp, and consider the map P ^ R acting by p !->■ 
i;'([Ap]). By (13.221) this is a monoid morphism P —>• (K, +), so it factors through 
a group morphism P®p —>• M as (M, +) is a group. Thus there exists a unique 
yx,v' G Hom(PSP,K) with u'([Ap]) = yx,v'{p) for all p G P. Define 

■^P : ^TXp ^Xpx Hom(psp,M) by 'I’p : {x,v,v') ^ {x,y,y). (3.27) 

We will show that that ^PjTp are inverse maps. By definition 'Pp o $p 
maps (x, y) i—>■ (x, yx,v'^ y), where for p € P®p we have 

y^K.yiP) = '^x,vi{>^p]) = y(p) Plogl = yip), 

using (I3.26|) for b = Xp and h = 1. Thus yx,v'^ ^ = y, and 'I'p o (hp = id. 
Also 4'p o $p maps {x,v,v') !->■ ix,Vx,y^ where if x € P C Ap 

is open, a : U —>■ R is smooth, and as in Definition 13.121 we write a : x' ^ 
(7(x'(ri),..., x'(r„)) for x' G U, where ri,...,r„ G P and g : W —>• R is 
smooth, then 

Vx,y,^p ([«]) = Er=i Si- i^iri), ■ • ■, x{rn)) ■ xin) ■ yxyin) 

= Eti Si- (^(d), ..., x{r„)) ■ xin) ■ P([A,.]) 

= Er=i Si- - ^(^")) • ^([^(^*)]) = ^(H), 

using (|3.25[1 in the first step, u'([Ap]) = yx,v'ip) in the second, and v o inc([&]) = 
ev([&])u'([&]) from (13.221) with b = Xr^ = x(ri) in the third. So Vx,y^ = v. 

Similarly, using (13.261) and x'([Ap]) = yxyip) we find that v'^ y^ = u', so 
that ‘hpo'f'p = id. Hence $p, p are inverse maps, and bijections. Clearly they 
are compatible with the projections n : Xp ^ Xp, Xp x Hom(PSP, R) —^ Xp. 
This completes the proof. □ 

Example 3.41. Let P = N^xZ"“^, so that P8P = Z", and identify — 

[0,oo)^ X R"”^ as in Example 13. ISl iiil. and Hom(PSP,R) = R" in the obvious 
way. Following through the definition of $p in Proposition 13.401 we find that if 
$p((xi,... ,x„), (j/i,.. .,?/„)) = ({xi,.. .,Xn),v,v'), then v : C^iXp)^R is 

V : [a] I—)• yixi^a(xi,... ,x„) H-h ykXk^aixi ,... ,x„) 

T yk+l ! • ■ ■ ! Xn) + ■ ■ • + y-n fl(xi, . . . , Xn)- 

Thus, the identification ^TXp = Xp x R” from (13.231) gives a basis of sections 
of ^TXp corresponding to xig|^,..., Xfe^f^, as ordinary vector 

fields on Xp ^ [0, oo)'^ x R""^ 

But in Definition 12.ISf al we defined the b-tangent bundle ^T([0, oo)^xR"“^) 
of [0,oo)*^ X R"“^ as a manifold with corners to have basis of sections xi-^, 

■ • ■ ’ ail’ dx^+i ’ ■ • ■ ’ af“- shows the definitions of ^r([0, oo)^ x R"“^) in 
)12.3l and in Definition 13.391 and Proposition l3.40l above, are equivalent. 
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Lemma 3.42. Let P,Q he weakly toric monoids, U C Xp, V C Xq be open, 
and f : U ^ V be an interior map, in the sense of Definition 13.121 Then the 
composition of maps 

'I’pl . '’Tf , 'I'ol- ■ 

U X Hom(PSP, R) ^ > ^TU - ’’TV —^ V x Hom(QSP^ R) 


is an interior map of manifolds with g-corners in the sense of S21-E1 where 
’’Tf is as in Deftnition 13.391 and as in Provosition 13.401 

Proof. Use the notation of Proposition I3.14r ci . This gives a commutative dia¬ 
gram of interior maps of manifolds with g-corners 


Xp DU - 

1 ' 

XqDU - 

Consider the diagram 

U X Hom(PSP, 


bpv - 

I'I'qUtc 


X'"XA, 


-IT C [0,oo)" 

“1 

- [0,oo)”. 


■lU X 


I ('^Pl ^ ) X I 

Np|t/XHom(P!?P,E) ((oPl)X---X(op™)) 

bpU -—-^^ bpW 

T(Api X■■■ X Ap^) I 

'’'Tsj 

—-^r([0,oo)") 


(Api x---xA,„)x s 

V X Hom(QSP^R) ((°9i)x-x(°9n)) -^ [0,oo)” x 


(3.28) 


(3.29) 


The middle rectangle commutes by applying the functor ’’T of Definition 13.391 
to (13.281) . and the upper and lower rectangles commute by the definitions. 

The right hand column of (13.291) involves manifolds with corners W C 
[0, oo)™, [0, oo)", and Example 13.411 showed that for these the definitions of 
’’TX in 12.31 and above, are equivalent. This equivalence is functorial, so the def¬ 
initions of ’’Tg in 112.31 and Definition 13.391 are also equivalent. But ’’Tg in 112.3l is 
an interior map of manifolds with corners. Hence the composition of the right 
hand column in ()3.29|) is an interior map of manifolds with corners. Regarding 
U X Hom(PSP,IR) and V x Hom(QSP,IR) as open sets in Xpxpsp, XqxQsp as in 
Proposition I3.40[ Proposition IS.ldl' ci with P x P^^,Q x (5®p in place of P,Q 
now implies that the composition of the left hand column of (I3.29|) is an interior 
map of manifolds with g-corners. □ 

Note that (j3.28|) - (j3.29l) give a convenient way to compute the maps ’’Tf : 
’’TX ^ ’’TY in Definition 13.391 locally. We can now give ’’TX the structure of 
a manifold with g-corners, a vector bundle over X: 
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Definition 3.43. Let X be a manifold with g-corners, so that ^TX is defined 
as a set in Definition 13.391 with projection tt : ^TX —>• X. Suppose (P, U, </>) is 
a g-chart on X. For as in Proposition 13.401 consider the composition 


U X Hom(PSP,] 


‘l?-P|uxHom(peP,K) 


bTU- 


'‘T4> 


'’TX, 


which has image ^T{(j){U)) C ^TX. Here U x Hom(P®P,]R) is open in Xp x 
Hom(P®P,]R) = Xp X Xpgp = Xpxpgp, so identifying U x Hom(PSP,K) with an 
open set in Xpxpgp, we can regard 

(P X P8P,P X Hom(psP,IR)/T</>o$p|p^Hom(p-,B)) (3.30) 
as a g-chart on ^TX. 

We claim that ^TX has the unique structure of a manifold with g-corners 
(including a topology), of dimension 2dimX, such that (13.301) is a g-chart on 
^TX for all g-charts (P, U, (j)) on X, and that with this structure tt : ^TX —>■ X 
is interior and makes ^TX into a vector bundle over X. To see this, note that if 
(P, P, (/)), (Q, V, tp) are g-charts on X, then they are compatible, so the change 
of g-charts morphism ijj~^ o cp : (j)~^ (^(j){U) D ^/’(H)) —>• D ^/’(H)) is 

a diffeomorphism between open subsets of Xp, Xq . Applying Lemma 13.421 to 
o (p and its inverse implies that the change of charts morphism between the 
g-charts (13.301) from {P,U,cp),{Q,V,'ip) is also a diffeomorphism, so (13.301) and 
its analogue for {Q, V, ip) are compatible. 

Thus, the g-charts (I3.30p from g-charts (P, U, (p) on X are all pairwise com¬ 
patible. These g-charts p.30l) also cover ^TX, since the image of (13.301) is 
^T(p{U) C ^TX, and the (p(U) cover X. Since X is Hausdorff and second 
countable, one can show that there is a unique Hausdorff, second countable 
topology on ^TX such that for all (P, P, (p) as above, ^T(p(U) is open in ^TX, 
and ^Tcpo $p|pxHom(psp,R) : U x Hom(P8P,R) —>• ^TcppU) is a homeomor- 
phism. Therefore the g-charts p.30|) form a g-atlas on X with this topology, 
which extends to a unique maximal g-atlas, making ^TX into a manifold with 
g-corners. That tt : ^TX —>■ X is interior and makes ^TX into a rank n vector 
bundle over X follows from the local models. 

Since tt : ^TX —X is a vector bundle, it has a dual vector bundle, which 
we call the b-cotangent bundle and write as tt : bj'*x —>■ X 

Now let / : X —^ y be an interior map of manifolds with g-corners. Then 
for all g-charts (P, P, (p) on X and (Q, V, ip) on Y, the map ip~^ ofotpin (j3.5l) is 
an interior map between open subsets of Xp, Xq. Applying Lemma 13.421 shows 
that the corresponding map for f -.^TX ^ ^TY and the g-charts (13.301) from 
(P, P, (p), (Q, V, Ip) is also interior. As these g-charts cover ^TX, ^TF, this proves 
that f : ^TX —>■ ^TY is an interior map of manifolds with g-corners. 

Clearly f : X ^ ^TY satisfies tto^T f = /ott and is linear on the vector 
space fibres ^T^X, ^TyY. Thus, f induces a morphism of vector bundles on X, 
which we write as ^df : ^TX —)• f*{^TY), as in )12.3I Dually, we have a morphism 
of b-cotangent bundles, which we write as (^d/)* : f*(bx*Y) —>■ ^T*X. 
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li g : Y Z \s another interior map of manifolds with g-corners, then ^T{go 
/) = bTg o bTf implies that ^(5 o /) = f*{b^g) o , bj^x ^ (g o fY{bTZ), 
and dually Yd{g o f))* = (M/)* o /*((Mg)*) : (5 o f)*YT*Z) 

Define the h-tangent functor : Man?^ —> Man?^ to map bT : X h^bxx 
on objects, and :/!—>■ ^T/ on (interior) morphisms f : X ^ Y. Then is 
a functor, as in Definition 13.391 It extends naturally to : Man?^ Man?^. 
The projections ir : bTX ^ X and zero sections 0 : X —>■ induce natural 

transformations tt : ^ Id and 0 : Id => ^T. On the subcategories Manj^ C 

ManP, Manf^ C ManP, these functors restrict to those defined in ^2.31 

We show b-tangent bundles are compatible with products. 

Example 3.44. Let X, Y be manifolds with g-corners, and consider the product 
X xY, with projections ttx : X xY X, iry '■ X xY -^Y. These are interior 
maps, so we may form bTnx ■ ^T{X xY) ^ ^TX, ^Ttty : '’T(X x F) ''TF, 
and take the direct product 

YTxx, ^Ttty) ■■ ^r(X X F) —^ ^TX x ^TY. (3.31) 

Considering local models as in Proposition 13.401 it is easy to check that Ij3.31|) 
is a diffeomorphism. We sometimes use (13.3111 to identify ^r(X x F) with 
bTX X bTY, and '’T(x.y)(^ x F) with '’T^X © bTyY. The functor bT preserves 
products and direct products, in the sense of Proposition 12.1 If f 1. 

3.6 B-normal bundles of Ck{X) 

In 112.41 if X is a manifold with (ordinary) corners, and 11 : Cfc(X) —)• X the 
projection, we constructed a canonical rank k vector bundle tt : ^Nc^{x) 
C'fe(X), the b-normal bundle of Cfc(X) in X, fitting into an exact sequence 

0 — '>Nc,(x) -- n*('>TX)- ^T{Ck{X)) 0, (3.32) 

and a monoid bundle Mc^(x) C ^Nc^(x), a submanifold of ^Nc^{x) such that 
TT : Mc^{x) —>■ C'fe(X) is a locally constant family of toric monoids over C'fc(X). 
We showed that ^Nc(^x) = Ufe^o and Mc{x) = U/c^o are func- 

torial over interior / : X —>• F, as for the corner functor C : Man'^ —>■ Man*^. 

We now generalize all this to manifolds with g-corners. As for bTX in 113.5l we 
do this in stages: first we define ^Nqj^i^x) ; Mc^(x) just as sets, and tt : ^Nc^(x) 
Ck{X), ^Nc(f) ■ ^Nc(x) —^ ^Nc{y), Mc{f) ■ Mc(x) Mc{y) just as maps. 
Then after some calculations, in Definition l3.48l we will give ^Nc^(x) , Mc^(x) the 
structure of manifolds with g-corners, such that Tr,bNc(f), Mc(f) are smooth. 

Definition 3.45. Let X be a manifold with g-corners, and let (x,^) € C'fe(X) 
for fc ^ 0. As in Definition 12.141 we have M-algebras C“(X) of germs [o] at x 
of smooth functions a : X ^ K, and (Cfc(A)) of germs [ 6 ] at {x,^) of 

smooth functions b : C'fe(X) —^ R. Then composition with 11 defines a map 

n* : Cr(X) ^ C(-^)(Cfc(X)), n* : [a] ^ [aoE]. (3.33) 
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This is an R-algebra morphism. 

As in Definition 12.151 we have monoids Ix{X) of germs [c] at x of interior 
functions c : AT —>• [ 0 , oo), and X^x:,^){Ck{X)) of germs [d] at (a;, 7 ) of interior 
functions d : Ck{X) — >• [0, 00). li x € U C X is open and c : U ^ [0,oo) 
is interior, setting V = n”^([/) C Ck{X) and d = c o 11 : D — >• [0, 00), then 
(a;, 7 ) S D C Ck{X) is open and either d is interior near (x,j), or d = 0 near 
(a;, 7 ). Thus composition with If defines a map 

n*: Xx(x) X(x,^)(Ck(x)) n {o}, 

n*: [c] ^ [con]. ^ 


This is a monoid morphism, making X^x,-y){Ck{X)) H {0} into a monoid by 
setting [d] ■ 0 = 0 for all [d] G X(^x;,j){Ck{x)). (Note that [1] G X(^x:,~t){Ck{X)) is 
the monoid identity element, not 0.) Define 

^Xc^{x)\{x,j) = {a G HomMon(21x(Ar),R) : 

a|(n*)-i[i(,,.,)(C;,(x))] = 0}, 

Mck{x)\{x,'i) = {a G HomMon(21x(-A),N) : 

a|(n*)-i[i(,,.,)(Cfc(x))] = 0}. 

Then ^Nc^(^x)\{x,'y) is a real vector space, and Mc^i^x)\{x,'y) is a monoid, and 
^Ck(x)\(x,-f) C ^Xc^(x)\(x,~i) as N C R. In Example 13.461 we will show that 
^Nc^{x)\{x,'y) — R*) and Mc^(x)\{x,'j) is a toric monoid of rank k, with 


(3.35) 

(3.36) 


^NCk(X)\(x,~/) - ii^Cfe(X)l(a:,7) R- (3.37) 

Equation (13.221) defines ^T^X as a vector space of pairs {v,v'). We claim 
that if a G ’’Nci^(x)\{x,'y), then (0,a) G ^T^X. To see this, note that the first 
three conditions of p 221) for (0, a) are immediate, and the final two follow from 
the fact that if [c] G Xx{X) with c(x) ^ 0 then n*([c]) G I( 2 ,,.y)(C'fe(X)), so 
q;([c]) = 0. Thus we may define a linear map 

''*T|(rc,7) : ^AfCfc(X)|(a;,7) - >’‘TxX, | (a;,7) ^ « I-5>(0,a). (3.38) 


Now let {v, v') G ^TxX. We will show in Example l3. 461 that there is a unique 
{w,w') G '^T(^x,-y)Ck{X) such that w(n*([a])) = c([a]) for all [a] G C'^{X) and 
w'(n*([6])) = w'([6]) for all [6] G X^iX) with n*([6]) ^ 0, where the H* maps 
are as in p.33l) - (l3.34|) . Define a linear map ^7rT|(a;,7) ■ ^T^{x,'^)Ck{X) 

by ^7rT|(x,7) '■ {v,v') I—>■ {w,w'). So we have a sequence 


0 


''Nck{x)\{x,j) 


I (cc ,7) 






>y) 


%,^)(Cfc(X)) 


0 (3.39) 


of real vector spaces, as in (13.321) . It follows from the definitions that (13.391) is 
a complex. We will show in Example 13.461 that (13.391) is exact. 
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Just as sets, define the b-normal bundle ^Nc^(x) and monoid bundle Mc^{x) 
of C'fe(X) in X by 

^Nc^(x) = : (a;, 7 ) e Cfc(X), a e |(a:, 7 )}, 

Mckix) = {(a:, 7 , a) : (^, 7 ) e Ck{X), a G Mc^(x)\(x,j)}, 

so that Mcf^(x) C ^Ncf^{x)- Define projections tt : ^Nc^(x) —t Ck{X) and tt : 
Mckix) CkiX) hy n : {x,y,a) iH- (a:, 7 ). Define : ^Nc^(x) U*{^TX) 

by : (a;, 7 , a) H> ((x,7),''zT|(x. 7 )(a)) and ''ttt : n*(^TX) -5> ^T{Ck{X)) by 
^ttt : ((x, 7 ), (n, n')) i-)- ((x, 7), ^ 7 rT|(a;, 7 )(?^, ^^0) • In Definition [SUH] we will make 
^^Ck{x), Mc^{x) into manifolds with g-corners, such that tt : ^Nc^(x) —t Ck{X) 
is smooth and makes ^Nq^(^x) into a vector bundle over Ck{X) of rank k, and 
TT : Mc^(x) Ck{X) is smooth and makes Mc^(^x) into a bundle of toric 
monoids over Ck{X), and (13.321) is an exact sequence of vector bundles. 

Define ^Nc(x) = with projection tt : '^Nc{x) C{X) = 

]lt=o^ Ck{X) given by = tt : ^Nc^{x) Ck{X). Set Mc(x) = 

Ijdmx Mc^(^x), so that Mc(x) C ^Nc(x), and define tt = x\mc^x) '■ Mc{x) 
C{X). Later we will see that ^Nc(^x) is a manifold with g-corners of dimension 
dimJf, with tt : ^Nc{x) —t C{X) is a vector bundle of mixed rank, and Mc{x) 
is an object in Man®"^, with tt : Mc{x) C!{X) a bundle of toric monoids. 

Next let / : X —)• F be an interior map of manifolds with g-corners, so that 
C{f) : C{X) —>■ CiY) is a morphism in Man®'^ as in (13.41 Define a map of 
sets : ^Nc{x) “t ^Nc^y) as in Definition 12.231 by '■ {x, 7 , a) >->■ 

{f{x),f^{y),ao /*), where f* : Ix{X) maps [c] 1 -^ [co /], and is 

well-defined as / is interior. From (|3.35p we can check that if a G (x) |(a;, 7 ) 
then a o/* G ''^c,(r)l(/(x)./*( 7 ))- As C(/) : C{X) C{Y) maps C{f) : 
{x,l) (/(x),/*( 7 )), we have tt o''7Vc(/) = C{f) ott : ''iVc(x) C{Y). From 

the definitions oi^Tf in Definition [3]39] and above, we see that the following 
commutes: 

''A^C(x)-^^ ^TX 

I I 

|'’Wc(/) ^ ‘T/j (3.40) 

^Nc{y) - - -^ ^TY. 

This characterizes ^Nc{f), as in (13.381) is injective. 

Now XIc{x) is the subset of points {x, 7 , a) in ^Nc{x) such that a maps to 
N C R. If a maps to N then aof* maps to N, so ^Nc(f) maps Mc(x) “t Mc^y)- 
Define Mc{f) ■ Mc(x) ^c{y) by ^cu) ~ ^A^C(/)|mc(x)' 

li g : Y —>■ Z is a second interior map of manifolds with g-corners, as ao f* o 
g* = ao {go f)* we see that ^Nc{gof) = ^Nc(g) o ^fVc(/) : ^Nc(x) -t ''Nc{z), 
which implies that Mc(gof) = Mc(g) o Mc(f). Also ^Xc(idx) = id^x^tx) • 
^Nc(x) ^Afc(x)) and Mq^x) — i^Mccx)- Hence the assignments X ^ 
^A^C(x), / '"^CU) and X 1 -^ Mc(x}, f Mc{f) are functorial. 
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Now let X be a manifold with (ordinary) corners. Then 2.4 1 defined a rank 
k vector bundle ^Nc^(x) —^ Gk{X). Comparing the top row of (I2.23|) with 
(I3.32|) . and noting that the definitions of ^TX agree in 112.3l and 113.5I agree for 
manifolds with corners, we see that there is a canonical identification between 
^Nc^(x) defined in tl2.41 and defined above. One can show this identifies 

the subsets Mc^{x) C ^Nc^(x) in 112.41 and above. Comparing (12.241) and (13.401) . 
we see that for f : X ^ Y an interior map of manifolds with corners, the maps 
^Nc{f) defined in 112.41 and above coincide under these canonical identifications. 

We work out the ideas of Definition 13.451 explicitly when X = Xp. 

Example 3.46. Let P be a weakly toric monoid, so that Xp is a manifold with 
g-corners as in Example 13.211 Example 13.301 gives a canonical diffeomorphism 

( 3 -«) 

Snppose (a:, 7 ) G Ck{Xp) is identified with x' G Xp by (I3.41|) . for some face 
F of P. Let [a] G Ix{Xp). Then by Definition 13.121 there exist an open 
neighbourhood 17 of x in Xp, an element p € P and a smooth function h : U ^ 
(0, 00 ) such that a = Xp\u ■ h : U ^ [0, 00 ). Then 

n*([a]) ^ [(Ap|p) ■hoiP]ei^x,j){Ck{Xp)) n{o} 

^ jp(Xp)n{0}, 

where ip : Xp ^ Xp is as in Definition 13.261 But 



peF, 

piF, 


where Xp means Xp, but on Xp rather than Xp. Therefore n*([Ap • h]) lies in 
^{x,'y){Gk{Xp)) if and only if p G F. So (13.351) becomes 

^Nc^{Xp)\{x,'y) = {a : {[Ap ■ h] : p € P, h a germ of positive smooth functions 
near x in Xp} —^ R is a monoid morphism, and a([Ap • h]) = 0 if p G F} . 

If a G ^Nc,^i^xp)\{x,'y) then as a is a monoid morphism and 0 G F 

a([Ap • /i]) = a([Ap]) + a([Ao ■ h]) = a([Ap]) + 0 = a([Ap]). 

Thus we have canonical isomorphisms 

'’^C.(Xp)|(x,7) = {/3 G HomMo„(F,R) : / 3 |p = 0 } ^ Hom(FS 7 FSP, R). ( 3 . 42 ) 

Here in the first step we identify a G ^Xc,^{Xp)\(x,j) with /I ; F —>■ R by if 
a([Ap ■ h]) = j3{p) for all p, h. In the second step, such /3 : F —>• R with /3|p = 0 
factor through /?' : F^p/F^p —>■ R as R is a group. Similarly we have 

Mc,(Xp)\ix,^) = {/3 G HomMo„(F,N) : / 3 |p = O} = F^ ( 3 . 43 ) 
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where is as in Proposition 12.16f o'). It is a toric monoid of rank k. We have 
'’^C,(Xp)|(x, 7 ) = Afc ,( Xp)l(x , 7 ) p roving p.37p . 

Combining (I3.41L p.42p and (13.431) gives identifications like 'I'p in (13.271) : 


: ^^Ck(Xp) - 

- n 

faces F of P: codim F = 

Xp X Hom(psP/psP,R), 

k 

(3.44) 

^P : ^Ck(Xp) — 

- n 

Xp X F^. 

(3.45) 


faces F of P: codim P = k 


These give ’’Nc^(Xp) and Mq^i^Xp) the structure of manifolds with g-corners of 
dimensions rankP and rankP—fc, respectively. The projections tt : ^Nq^(^Xp) 
Ck{Xp), TT : Mc^(Xp) Ck{Xp) are identified with the projections Xp x 
Hom(PSP/FSP,R) — Xp, Xp x P^ — Xp for each F, and so are smooth. 

For the case P = x so that Xp = [0, oo)*^ x R"“^ is a manifold with 
(ordinary) corners, it is easy to check that the manifold with corner structures 
on ^Nq,^(^Xp) and Mq^i^Xp) above coincide with those in 112.41 

Continuing with the notation above for (x,j) € Ck(Xp) identified with 
x' € Xp, Proposition l3.40l defined isomorphisms 

’>T,Xp ^ Hom(psP,R), and %,^)(Cfc(Xp)) ^ ^TpXp ^ Hom(psP,R). 

Under these isomorphisms and (13.421) . one can show that equation (I3.39P is 
identified with the natural exact sequence 

0 ^ Hom(PSP/P8P,R) Hom(PSP,R) Hom(PSP,R) ^ 0, 

where tt : PSP —>■ psP/psP is the projection. Hence (13.391) is exact. 

Here is an analogue of Lemma [3.421 It can be proved by the same method, 
using the fact that ^Nc{g) defined in 112.41 for manifolds with (ordinary) corners 
is a smooth map, and agrees with Definition 13.451 in this case. 

Lemma 3.47. Let P,Q be weakly torie monoids, U C Xp, V C Xq be open, 
and f : U ^ V be an interior map, in the sense of Definition 13.121 Then the 
composition of maps 


U (f|()-^(P)xHom(P8P/PSP,R) 

faces F of P 

U (ig)“n^)xHom(QSP/GSP,R) 

faces G of Q 



^Nciu) 

^Nc(y) 


is an interior map of manifolds with g-corners in the sense of g321-S31 where 
^Xc{f) is as in Definition 13.451 and dip,'kg as in Examvle 13.461 

Definition 3.48. Let X be a manifold with g-corners, so that ^Nq^(^x)j ^Ck(x) 
are defined as sets in Definition 13.451 Suppose {P,U,(j)) is a g-chart on X. For 
each face F of P with codim P = k, define a g-chart on ^Nq^(^x) 

(P X pgP/psP, X Hom(psP/psP,K),'Xc(^) o {^'p)-^\...). (3.46) 
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Here (U) xRom{PSP / F^p ,R) is open in Xp xRom{PSP/F sp,M.) ^XpX 

Xpgp/pgp = Xpxpgp/pgp, we identify {ip)~^{U) x Hom(PSP/i^sP,R) with an 
open set in Xp-^pgp/pgp, and 'i’p is as in (13.441) . Similarly, for each a S F^, 
with as in (13.451) . define a g-chart on 

{F, (iPp)-\U)Mcw 0 ('I'p)-' 0 (id X a)), (3.47) 

where id x a : {ip)~^{U) Xp x F^ maps id x a : j/ 1 -)- {y,a). 

We claim that ^Nc^(x)t ^Ck{x) have unique structures of manifolds with g- 
corners (including a topology), of dimensions dimX and dimX —fc respectively, 
such that (I3.46|) - (I3.47I) are g-charts on ^Nc^{x)^^Ck{x) for all g-charts (P, t7, (j)) 
on X, faces F of P, and a € F^. To see this, note that if (P, U, (j)), (Q, V, tp) are 
g-charts on X, then they are compatible, so the change of g-charts morphism 
o (j) : (j)~^ {(p{U) ("I ip{y)) in ip{V)) is a diffeomorphism between 

open subsets of Xp, Xq. Applying Lemma [3.47l to 'tp~^o(j) and its inverse implies 
that the change of charts morphisms between the g-charts (I3.46I) " (I3.47I) from 
(P, U, (p), {Q, V, Ip) are also diffeomorphisms, so (I3.46I) - (I3.47I) and their analogues 
for {Q, V, Ip) are compatible. 

Thus, the g-charts (13.461) on ’’Nc^(x) from g-charts {P,U,(p) on X are all 
pairwise compatible. These g-charts also cover ^Nc,^{x), since for fixed (P, U, (p) 
the union over all faces F of image of (13.461) is ^Nc^{,p{u)) ^ ^^Ckix), and the 
(p{U) cover X, so the ^Nc^{^{u)) cover ^Nc,^{x)- Since X is Hausdorff and second 
countable, one can show that there is a unique Hausdorff, second countable 
topology on ^Nc^(x) such that for all g-charts (13.461) . o ('Pp)“^|... is a 

homeomorphism with an open set. Therefore the g-charts p.46l) form a g-atlas 
on ^Np;^(^x) with this topology, which extends to a unique maximal g-atlas, 
making ^A^c'fe(x) into a manifold with g-corners. The same argument works for 
fo^C)e(x): using the g-charts (13.471) . 

Taking unions now shows that ^Nq(^x) = Ufe>o ^^Ck{x) is a manifold with 
g-corners of dimension dimX, and Mc{x) — Ufe^o ^Ck(x) an object of Man®^^. 

Definition 13.451 also defined an inclusion of sets Mc^(x) ^ ^^Ck(x)j and 
maps of sets tt : ''Nc^{x) ^ Ck{X), tt : Mc^(x) ^ CkiX), : ^Nc^(x) 
n*(^TA) and ■ n*(^rX) —>• ^T{Ck{X)). Example 13.461 showed that in the 
local models Xp, these are smooth, interior maps, with Mc^(Xp) ^ ^^Ck(Xp) 
an embedded submanifold, tt : ^Nc,^(Xp) Ck{Xp) a vector bundle of rank k, 
and TT : Mc,^{Xp) Ck{Xp) a locally constant bundle of toric monoids, and 
^ip, ^TTp bundle-linear and forming an exact sequence (13.321) . Thus, using the g- 
charts p.46p -" (l3.47L we see that for general manifolds with g-corners X, 
is an embedded submanifold of and tt : ^Nc,^(x) Ck{X) is interior 

and makes ^Nq^(^x) into a vector bundle of rank k, and tt : Mc,^(x) Ck{X) 
is interior and a locally constant bundle of toric monoids, and ^ip,^TTp are 
morphisms of vector bundles in an exact sequence (13.321) . 

Since tt : ^A^C;.(x) Ck{X) is a vector bundle, it has a dual vector bundle, 
which we call the b-conormal bundle and write as tt : Ck{X). Simi¬ 
larly, TT : Mc,^(x) Ck{X) has a natural dual bundle tt : —>■ Ck{X), the 
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comonoid bundle, with fibres l(a^, 7 ) dual toric monoids Mc\(x)\'^x ^y 

Equation (13.371) implies there is a natural inclusion ^ ^^Ck(x) 

embedded submanifold. 

Now let / : X —> y be an interior map of manifolds with g-corners. Then 
for all g-charts {P,U,(j)) on X and {Q,V,iIj) on Y, the map o f o cj) in 
(|3.5D is an interior map between open subsets of Xp,Xq. Applying Lemma 
13.471 shows that the corresponding maps for ^Nc{f) ■ ^Nc{x) —>• ^Nc{y) and 
Mc(/) : Mc(x) Mc(y) and the g-charts (I3.46I) -(I3.47I) from (P, U, (/>), (Q, V, ip) 
are also interior. As these g-charts cover ^Nc{x),^d^CiY), Mc{x), Mc{y), this 
proves that ^Nc(f) '■ ^Nc{x) —^ ^A^C(v) and Mc{f) ■ Mc{x) ^c{y) are 
interior morphisms in Man®^^ and Man®'^. 

Since tt o ^Nc{f) = C'(/) o tt and ^Afc(/) is bundle-linear, we may also regard 
^Nc(f) as a morphism ’’Nc(f) ■ ^ C(/)*(^-^c(v)) of vector bundles 

of mixed rank over C{X), with dual morphism ^A^5(/) ' ^(/)*(^-^c(v)) ^ 
^Nc(x)- Similarly, we can regard Mc(f) as a morphism Mc(f) '■ Mc{x) 
C{f)*{Mc(Y)) of toric monoid bundles over C{X), with dual morphism : 

CifnM^^Y)) ^ Kixy 

Definition 13.391 showed that the maps are functorial. Thus 

X 1 -^ ^Nc(x)y f ^^C{f) defines functors ^Nc ■ ManP —Man?° and 
^Nc ■ Man?^ —>■ Man?^, which we call the b-normal corner functors. Similarly 
X i-> Mc{x): f ^C{f) defines functors Mq ■ Man?^, ManP —Man?^, 
which we call the monoid corner functors. 

We show ^Nq^(^x),Mc(^x) are compatible with products. 

Example 3.49. Let X, Y be manifolds with g-corners, and consider the prod¬ 
uct X X Y. Then C{X x Y) = C{X) x C(Y), as in 113.41 The projections 
TTx '. X X Y X, TTY : X X Y Y are interior maps, so we may form 
^^C( 77 x)/^C( 7 ry),^C( 7 rx):^C( 7 ry), and take the direct products 


(^-^C(7rx): ^-^C(7i-v-)) : ^Nc(XxY) -1- ^Nc(x) X ^Nc(Y), (3.48) 

{Mc{Tvx)y^CiTVY)) ■ Mc{XxY) - Mc{X) X dVlc{Y)- (3.49) 

Considering local models as in Example 13.461 we find that (I3.48I) - (I3.49I) are dif- 
feomorphisms. We sometimes use (I3.48I) " (I3.49I) to identify ^Nci^xxY)^ ^c{XxY) 
with ’^Nc{x) X ^Nc{y), Mc{x) x Mc(y)- The functors ^Nc,Mc preserve prod¬ 
ucts and direct products, in the sense of Proposition [^TlT fb 

As for Proposition 12.241 we have: 

Proposition 3.50. Definition 13.481 defines functors ^Nc ' ManP -> ManP, 
’’Nc ■ Man?)^ —>■ ManP^ and Me ■ ManP^, ManP —ManP^, preserving 
(direct) products, with a commutative diagram of natural transformations: 
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Here is the analogue of Definition 12.251 

Definition 3.51. Let X be a manifold with g-corners. For x € 5'^(X) C X, as 
above we have a monoid Tx{X) of germs [c] at x of interior functions c : X —>■ 
[0, oo), and a submonoid (^“(X, (0, oo)) C Xx{X) of [c] with c{x) >0. In a 
similar way to (j3.35p - (l3.36L define 

^NxX = {a e HomMon( 2 ia;(X),R) : a|c“(x.(o,oo)) = O}, 

'’NfX = {a e HomMo„(X.(X), ([ 0 , oo), +)) : 

a|c”(X.(0,oo)) = O}, 

MxX = {a e HomMon(2i2:(X),N) : Q;|c“(x.(o,oo)) = O}, 

so that MxX C ^N^°X C ’^NxX. Here ([0,oo),+) in (13.511) is [0,oo) with 
monoid operation addition, rather than multiplication as usual. As in Example 
13.461 one can show that MxX = is a toric monoid of rank k = depthjf x, 
with ^NxX = MxX the corresponding real vector space, and ^N^°X 

as the corresponding rational polyhedral cone in ^NxX, as in il3.1.4l 

Now let / : X —^ y be an interior map of manifolds with g-corners, and 
X G X with f{x) = y G Y. As for ^Nc{f) in Definition 13.451 define maps 
’^Nxf ■■ ^NxX '^NyY, : ^iV|“X '’NfY and Mxf : MxX -G MyY to 

map a !->■ a o /*, where f* : Xy{Y) —>■ Xx{X) maps [c] !->■ [c o /]. Then ^Nxf 
is linear, and f, Mxf are monoid morphisms. These ^NxX, ^Nf°X, MxX, 
^Xxf, Mxf are functorial. 

When X, Y are manifolds with (ordinary) corners, these definitions of ^NxX, 
^iV|'“X, MxX, ’^Nxf, f, Mxf are canonically isomorphic to those in 112.41 
We could define ^NX = {{x,v) : x G X, v G ^iVa,X} and ^X/ : ^XX —>• 
^Xy by ^X/ : (x,v) M- {f{x),^Nxf(v)), and similarly for ^N^°X,^N^°f and 
MX, Mf, and these would also be functorial. They are useful for stating con¬ 
ditions on interior f : X ^ Y. However, in contrast to ^Nc{x) above, these 
^XX, ^N^°X would not be manifolds with g-corners, as the dimensions of ^X^jX, 
^Nf°X vary discontinuously with x in X. The rational polyhedral cones ^Nf°X 
may not be manifolds with g-corners either. 

The relation between Mc,^(x)\{x,-y) and MxX in Definitions 13.451 and 13.511 is 
this: for each x G S^{X) C X, there is a unique local fc-corner component 7 
to X at X, and then Mc,^(x)\{x,'y) — MxX. More generally, if 5 is some local 
Z-corner component of X at x for I = ,k, then Mci(x)\{x,5) — MxX/F for 

some face F of MxX with rankF = k — I, and there is a 1-1 correspondence 
between such 5 and such F. Also, writing P = MxX, as a toric monoid, then 
X near x is locally modelled on Xp x near (5o,0). Since Xp is a 

manifold with (ordinary) corners near Sq if and only if P = we deduce: 

Lemma 3.52. Let X be a manifold with g-corners. Then X is a manifold with 
corners if and only if the following two equivalent conditions hold: 


(3.50) 

(3.51) 

(3.52) 
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(i) Mc\(^x)\ix,-f) for all {x,j) G CkiX) and fc > 0. 

(ii) MxX = for all x G X, for fc > 0 depending on x. 


4 Differential geometry of manifolds with 
g-corners 

We now extend parts of ordinary differential geometry to manifolds with g- 
corners: special classes of smooth maps; immersions, embeddings and subman¬ 
ifolds; transversality and fibre products in Man®°, Man?^; and other topics. 
The proofs of Theorems 14.101 iTlSl 14.26114.271 andbelow are deferred to iJS) 

4.1 Special classes of smooth maps 

We define several classes of smooth maps of manifolds with g-corners. 

Definition 4.1. Let f : X ^ Y he a. smooth map of manifolds with g-corners. 
We call / simple if either (hence both) of the following two conditions hold: 

(i) Mc(f) : Mc{x) C{f)*{Mc{Y)) in ^3.61 is an isomorphism of monoid 
bundles over C{X). 

(ii) / is interior and Mxf ■ M^X —>• in Definition 13.511 is an isomor¬ 

phism of monoids for a\\ x G X. 

It is easy to show that (i) and (ii) are equivalent. For manifolds with (ordinary) 
corners, this agrees with the definition of simple maps in il 2 . 1 l 

Clearly, compositions of simple morphisms, and identity morphisms, are 
simple. Thus, we may define subcategories Man®^ C and Man®^ C 

Man®^^ with all objects, and morphisms simple maps. Simple maps are closed 
under products (that is, if / : IT ^ F, 5 : X —>• Z are simple then f x g : 
WxX^YxZ is simple), but not under direct products (that is, if / : X —>• Y, 
g : X ^ Z are simple then {f,g):X^Y x Z need not be simple). 

Suppose / : X —>■ F is a simple morphism in Man®"^. Then C{f) : C{X) -G 
C{Y) is a simple morphism in Man®'^. If (a:,7) e C'fe(X) with C{f){x,j) = 
{y,S) G Ci{Y) then Mc{x)\{x,'y) = ^C(v)l(y. 5 ) by (i). But k = rankMc(x)|(: e,7), 
I = raakMc(Y)\{y,s)^ so k = I, and C{f) maps Ck{X) -G Ck{Y) for all k = 
0,1,... , and maps dX — dY when k = 1. 

Thus, we may define a boundary functor d : Man®^ — Man®^ mapping 
X !->• dX on objects and f i-G df := C{f)\ci{x) ■ 9X -G dY on (simple) 
morphisms f : X ^ Y, and for all /c ^ 0 a k- corner funetor Ck '■ Man®^ -G 
Manf^ mapping X 1 -^ C'fc(X) on objects and / 1 -^ Ck{f) := C{f)\ck{x) ■ 
CkiX) -G CkiY) on morphisms. They extend to 9, Ck : Man®f —> Man®f. 

Diffeomorphisms are simple maps. Simple maps are important in the defi¬ 
nition of Kuranishi spaces with corners in |12) . Next we define b-normal maps 
between manifolds with g-corners. For manifolds with (ordinary) corners, these 


62 








were introduced by Melrose [5SH1H], and several equivalent definitions appear 
in the literature, two of which we extend to manifolds with g-corners. For 
manifolds with corners, part (i) below (translated into our notation) appears in 
Grieser [3 Def. 3.9], and part (ii) in [53 §2], [IHl Def. 2.4.14]. 

Definition 4.2. Let f : X ^ Y he a, smooth map of manifolds with g-corners. 
We call / b-normal if either of the following two equivalent conditions hold: 

(i) C(/) : C{X) C(Y) in gSHmaps Ck(X) ^11 fc > 0. 

(ii) / is interior, and ^Nc(^f) ■ ^Nq^x) C{f)* {^Nc(y)) in ^3.6l is a surjective 
morphism of vector bundles of mixed rank on C{X). 

For manifolds with (ordinary) corners, this agrees with the definition of b- 
normal maps in N2.ll by Proposition 12. Ilf cl. 

B-normal maps are closed under composition and include identities, so man¬ 
ifolds with g-corners with b-normal maps define a subcategory of Man®'^. B- 
normal maps are closed under products, but not under direct products, as Ex¬ 
ample |535]]a) shows. 

The following notation is sometimes useful, for instance in describing bound¬ 
aries of fibre products. If / : X —>• E is b-normal then C{f) maps Ci(X) 
Cq{Y)\1Ci{Y), where Ci{X) = dX, C'i(F) = dY, and u :Y ^ Cq{Y) is a diffeo- 
morphism. Define d^X = C'(/)|-^\^)(Co(r)) and OLx = C{f)\-\^^{C^{Y)). 
Then d^{X) are open and closed in dX, with dX = di_X 11 dLx. Define /+ : 
dix ^ y and /_ : dix ^ dY by /+ = o and /_ = 

Then f± are smooth maps of manifolds with g-corners. Also, C{f±) are 
related to C{f) by an etale cover, so by (i) or (ii) we see that /+ and /_ are 
both b-normal. So we can iterate the process, and define /+,- : dl^d^X dY, 
and so on, where d^X = di+d^X B dtdlx B d^-dLx B dtdLx. 

A smooth map f \ X ^ Y oi manifolds without boundary is a submer¬ 
sion if d/ : TA —>■ f*(TY) is a surjective morphism of vector bundles on X. 
For manifolds with corners, b-submersions and b-fibrations are two notions of 
submersions, as in Melrose [53 §1], [13 §2], [53 §2.4]. Both are important in 
Melrose’s theory of analysis on manifolds with corners. We extend to g-corners. 

Definition 4.3. Let f : X Y he an interior map of manifolds with g-corners. 
We call / a b-submersion if ^df : ^TA —>• f*{^TY) is a surjective morphism of 
vector bundles on A. We call / a b-fibration if / is b-normal and a b-submersion. 

B-submersions and b-fibrations are both closed under composition and con¬ 
tain identities, and so define subcategories of Man®'’. B-submersions and b- 
fibrations are closed under products, but not under direct products. 

If / is a b-submersion or b-fibration of manifolds with (ordinary) corners, so 
that TX,TY are defined, then d/ : TX —>• f*{TY) need not be surjective. 

Example 4.4. (i) Any projection ttx : A x A —>■ A for A, A manifolds with 
g-corners is b-normal, a b-submersion, and a b-fibration. 
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(ii) Define / : [0, cxd)^ —>■ [0, cx)) by f{x, y) = xy. Then *’d/ is given by the matrix 

(}) with respect to the bases for ^r([ 0 , oo)^) and z-^ for ^r([ 0 , cxd)), 

so ^d/ is surjective, and / is a b-submersion. Also C{f) maps C'o([ 0 , cx))^) —>• 
C'o([0, oo)), Cl ([0, oo)^) —>■ Cl ([0, oo)), and C 2 ([0, 00 )^) —>• Ci ([0, 00 )). Thus / 
is b-normal by Definition 14 .2 f il. and a b-fibration. 

(iii) Define g : [0,oo) x K [0,oo)^ by g{w,x) = (w,we^). Then ^dg is given 
by the matrix (J ?) with respect to the bases (w-^, for ^r([ 0 , 00 ) x R) and 

so 5 is a b-submersion. 

Also C{g) maps Co([0, 00 ) x R) —Co([0,oo)^), but Ci([0,oo) x R) —>• 
C 2 ([0, cxd)^) . Thus g is not b-normal, or a b-fibration, by Definition I4.2r il. 

4.2 Immersions, embeddings, and submanifolds 

Recall some definitions and results for ordinary manifolds without boundary: 

Definition 4.5. A smooth map i : X Y of manifolds without boundary 
X,Y is an immersion if df : TX —^ i*{TY) is an injective morphism of vector 
bundles on X, and an embedding if also i : X ^ *(^) is a homeomorphism, 
where i(A) C y is the image. 

An immersed (or embedded) submanifold X of T is an immersion (or em¬ 
bedding) i \ X ^ Y, where usually we take i to be implicitly given. For the 
case of embedded submanifolds, as in Remark ld.Tf Al below we often identify X 
with the image i{X) C y, and consider X to be a subset of Y. 

Theorem 4.6. Let i \ X ^Y he an embedding of manifolds without boundary 
X, y of dimensions m,n. Then for each x £ X, there exist local coordinates 
(j/i) • ■ ■ ,yn) defined on an open neighbourhood V of i(x) in Y, such that i(X) n 
V = {(yi,... ,ym.,d ,... ,0) € y}, and setting U = i~^(V) C X and Xa = ya°i '■ 
t7 —>■ R, then (a:i,... ,Xm) cire local coordinates on U C X. 

Remark 4.7. Theorem 14.61 has two important consequences: 

(A) We can give the image i{X) the canonical structure of a manifold without 
boundary, depending only on the subset i(X) C Y. Then f : X —>■ i{X) is a 
diffeomorphism. Thus, we can regard embedded submanifolds X ^ y as 
being special subsets X C y, rather than special smooth maps i : X ^ Y. 

(B) Locally in y, we can describe embedded submanifolds X ^ y in two 
complementary ways: either as the image of an embedding i : X ^ Y, 
or as the zeroes ym+i = • ■ • = y™ = 0 of dimy — dimX local, transverse 
smooth functions ym+i, ■ ■ ■, y-n ■ Y ^ 

We now extend all this to manifolds with g-corners. Our aim is to give a 
definition of embedding f : X —>■ y of manifolds with g-corners X, Y, which 
is as general as possible such that an analogue of Theorem 14.61 holds, and in 
particular, so that the manifold with g-corner structure on X can be recovered 
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up to canonical diffeomorphism from the subset i{X) C Y and the manifold 
with g-corner structure on Y. This turns out to be quite complicated. 

For interior maps i : X ^ Y of manifolds with g-corners, the obvious way to 
define immersions would be to require ^df :^TX ^ i*{^TY) to be injective. This 
is implied by the definition, but we also impose extra conditions on how i acts 
on the monoids MxX.MyY and tangent spaces to strata {X),TyS’‘(Y). 

Definition 4.8. Let i : X ^ Y he a. smooth map of manifolds with g-corners, 
or more generally a morphism in Man®^^. We will define when i is an immersion, 
first when i is interior, and then in the general case. 

If i is interior, we call i an immersion (or interior immersion) if whenever 
X G S'^{X) C X with i{x) = y € S'‘{Y) C Y, then: 

(i) d(i|sfe(x))U : T^S^{X) TyS\Y) must be injective; 

(ii) The monoid morphism M^i : M^X —>■ MyY (defined as i is assumed 
interior) must be injective; and 

(hi) The quotient monoid MyYj{Mxi)\MxX] must be torsion-free. 

To understand this, note that we have noncanonical splittings 
'^T^X ^ (M^X R) © T,S\X), %Y ^ {MyY ©z R) © TyS\Y), 
and with respect to these we have 

brp ■ _ (Mxi ©z R * \ MxX ©z R _ MyY ©z R /. 

'v 0 d(z|s.(x))|J ■ (BT^SHX) ®TyS\Y). ^ ■ > 

Conditions (i),(ii) are equivalent to the diagonal terms in this matrix being 
injective, and so imply that ^T^i : ^T^X —> ^TyY is injective. Conversely, ’’T^i 
injective implies (ii), but not necessarily (i). So for i to be an interior immersion 
implies that ^df : ^TX ^ i*{^TY) is an injective morphism of vector bundles, 
but is stronger than this. 

If f : X —> T is a general smooth map of manifolds with g-corners then C{i) : 
C{X) (7(1") is an interior morphism in Man®"^, and we call i an immersion 
if C{i) is an interior immersion in the sense above. It is not difficult to show 
that C{i)\ca(x) '■ Cq{X) —>■ C{Y) an interior immersion implies C{i)\c^(x) ■ 
Ck{X) —)■ C{Y) is an interior immersion for /c > 0, so we could instead say i 
is an immersion if C{i)\co{x) ■ C'o(W) —> C{Y) is an interior immersion. If i is 
interior then C{i)\co(x) maps Co{X) C'o(T) and is naturally identified with 
i : X ^ Y, so this yields the same definition of immersion as before. 

We call i : X ^ Y an embedding if it is an immersion, and i : X —>■ i{X) 
is a homeomorphism (so in particular, i is injective). We call i : X ^ Y an 
s-immersion (or s-embedding) if it is a simple immersion (or simple embedding). 

An immersed, or embedded, or s-immersed, or s-embedded submanifold X of 
Y is an immersion, or embedding, or s-immersion, or s-embedding i : X ^ Y, 
respectively, where usually we take i to be implicitly given. For the case of 
(s-)embedded submanifolds, we often identify X with the image i{X) C Y, and 
consider AT to be a subset of Y. 
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Example 4.9. (i) Define X = Y = [0,oo), and f \ X ^ Y hy f(x) = x^. 
Then / is interior, and ^d/ : ^TX —>■ f*{^TY) maps x-^ n- and so is an 

isomorphism of vector bundles. However, / is not an immersion or embedding, 
because Mq/ : MqX —>■ MqY is the map N ^ N, n M- 2n, so the quotient 
monoid MqT /{Mof)[MoX] is N/2N = Z 2 , which is not torsion-free. 

We do not want / to be an embedding, as Remark I4.71 A') fails for /. As 
f{X) = Y, the only sensible manifold with g-corners structure on f{X) depend¬ 
ing only on f{X) C Y and the manifold with g-corners structure on Y, is to give 
f{X) the same manifold with g-corners structure as Y. But then / : A —)• f{X) 
is not a diffeomorphism. The torsion-free condition in Definition 14. Sf iiib which 
fails for /, will be needed to prove the analogue of Remark l4.7l Ab 

(ii) Define X = [0, 00 ), Y = [0, 00 )^, and 5 : A —>■ F by g{x) = (x^,x^) = (y, z). 
Then g is interior, and ^dg : ^TA —> g*{^TY) maps x^ M- 2?/^ -|- 3z^, and 
so is an injective morphism of vector bundles. 

The monoid morphism M^g : MqX — 5 > MqY is the map N N^, n 1 —>■ 
(2n, 3n). The quotient monoid MqY jMQg[MQX\ is Z, which is torsion-free, with 
projection MqY MqY j MQg\MQX] the map —>■ Z taking (m, n) 1 —> 3m—2n. 
So g is an embedding. Here the torsion-free condition holds as the powers 2,3 
in g(x) = {x'^,x^) have highest common factor 1 . 

Note that the embedded submanifold g{X) C Y may be defined as the 
solutions of the equation in Y, in smooth maps Y —>• [0, 00 ). 

Note too that the smooth function a: : A —[0, 00 ) cannot be written hog 
for any smooth function h : Y ^ [0, 00 ). So when we identify A with the 
diffeomorphic embedded submanifold g{X) C Y, this does not imply that the 
smooth functions A —>■ K or A —> [0, 00 ) can be identified with the restrictions 
of smooth functions F —>■ R or F —> [0, 00 ) to g{X) C F. 

(iii) Define A = [0, 00 ) x R, F = [0, 00 )^, and h : A —>• F by h{w, x) = {w, we^) 

= {y,z). Then h is interior, and ^dh : ^TX —>• h*{^TY) is given by the matrix 
(} 5) with respect to the bases {w-^, for ^TX and for ^TF, so 

^dh is an isomorphism. The monoid morphism M(Q j;^h : M(q^x)X —>■ M(o,o)^ 
maps N —5> n ^ (n,n), and the quotient monoid Mi^q q^Y 

is Z, which is torsion-free. 

However, h is not an immersion or embedding, as at (0,x) S S'^(A) with 
h{0,x) = (0,0) G 5'2(F), the map d(h| 5 i(x))|(o,x) : 7’(o.x)<S'^(A) - 5 > r(o,o)-S'^(T) 
in Definition I4.8l il maps R —>■ 0, and is not injective. 

(iv) As in Proposition 13. 141 let P be a weakly toric monoid, choose generators 
Pi ,...,Pm for P and a generating set of relations (13.31) for pi,..., pm , and con¬ 
sider the interior map A = x • ■ • x Xp^ : Xp —>• [0, 00 )™, which has image 
A(Ap) = Xp C [0, 00 )™ defined in (13. 4p by equations in [0, 00 )™. 

One can check that A : Ap —> [ 0 , 00 )™ is an embedding. In particu¬ 
lar, ^dA : ^TXp —>■ A*(^T[0, 00 )™) is the injective morphism of trivial vec¬ 
tor bundles Xp x Hom(P,R) —>■ Ap x Hom(N”^,R) induced by the injective 
linear map Hom(P, M) Hom(N™,R) by composition with the surjective mor¬ 
phism TT : N™ —>• P mapping (ai,..., am) >■ uiPi + • • ■ + amPm- Similarly, 
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Msgk : MsgXp —!> Mo[0,oo)^ is the map Hom(P, N) —!> Hom(N"‘,N) by com¬ 
position with TT, and this is injective with torsion-free quotient as tt is surjective. 

Thus, any Xp is an embedded submanifold of some [0, oo)"*, so locally any 
manifold with g-corners is an embedded submanifold of a manifold with corners. 

Here are some local properties of immersions, proved in 115.11 

Theorem 4.10. Suppose Q,R are toric monoids, V is an open neighbourhood 
of (dn.O) in Xn x K.™, and i : V ^ Xp x K.” is an interior immersion with 
i{So,0) = {So,0). Then: 

(i) rankQ ^ ranki? and m ^ n. 

(ii) There is an open neighbourhood V of (i5o,0) in V such that i\y : V i(H) 
is a homeomorphism, that is, i\v :V ^ Xp x R” is an embedding. 

(iii) There is a natural identification of the monoid morphism 

: M^SoMXq X K™) ^ x K") (4.2) 

with a'^ : Q'^ —>■ , for a : R ^ Q a unique monoid morphism. 

Then Q, a and m are determined uniquely, up to canonical isomorphisms 
of the subset i(V) in Xp x R" near (do,0), for V as in (ii). 

(iv) Suppose P is another toric monoid, U is an open neighbourhood of ((5o)0) 
in Xp X R*, and f : U ^ Xp x R" is a smooth map with f{6o, 0) = (i5o, 0) 
and f{U) C i(y), for V as in (ii). Then there is an open neighbourhood 
U of (i5o, 0) in U and a unique smooth map g : U ^ V with fit) = i o g : 
U ^Xpx R”. 

(v) Now suppose a : R ^ Q in (iii) is an isomorphism, and m = n. Then 
there exist open neighbourhoods V of {6, 0) in V and W of {S, 0) in Xp x 
R" such that i\v '.V is a diffeomorphism. 

We give three corollaries of Theorem 14.101 The first is a factorization prop¬ 
erty of embeddings. 

Corollary 4.11. Suppose f : W ^ Y and i : X ^ Y are smooth maps of 
manifolds with g-corners, with i an embedding, and f(W) C i{X). Then there 
is a unique smooth map g : W ^ X with f = i o g. 

If also f is an embedding, then g is an embedding. 

Proof. First assume i is interior. The fact that there is a unique continuous 
map g : W ^ X with f = i o g follows from i : X ^ KX) a homeomorphism. 
If w e IF with g{w) = x € X and f{w) = y £ Y, then W near w is locally 
modelled on Xp x R* near (i 5 o, 0), and X near x is locally modelled on Xq x R'" 
near (i5o, 0), and Y near y is locally modelled on Xp x R" near (do, 0), for some 
toric monoids P,Q,R and l,m,n^ 0. Using Theorem 14.lOl ivl we see that g is 
smooth near w in W, so g is smooth. 

If i is not interior, then C{i)\cg{x) ■ Ccj{X) = X ^ CtfY) is an interior 
embedding, and we use basically the same proof with C(i)\cg{x) ia place of i. 
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The final part is easy to check from Definition 14.81 For example, in Defi¬ 
nition |48i;i),(ii) d{f\sk(^w))\w,Mxf injective imply d{g\ski^w))\w, Mj:g injective, 
as d{f\sk(w))\w,M^f factor via d{g\sk(^w))\w, Mxg- □ 

The second is an analogue of Remark l4.7f Al. It means we can regard embed¬ 
ded submanifolds of manifolds with g-corners Y as being special subsets ACT, 
rather than special smooth maps i : X ^ Y. 

Corollary 4.12. Suppose i : X ^ Y is an embedding of manifolds with g- 
corners. Then we can construct on the image i{X) the canonical structure of 
a manifold with g-corners, depending only on the subset i{X) C Y and the 
manifold with g-corners structure on Y and independent of i, A, and with this 
structure i : X ^ *(A) is a diffeomorphism. 

Proof. Since i : A —>■ i(A) is a homeomorphism by Definition 14.81 there is a 
unique manifold with g-corners structure on *(A), such that i : A —)• i(A) is a 
diffeomorphism. We have to prove this depends only on the subset i{X) C Y, 
and not on the choice of manifold with g-corners A and embedding i : X ^ Y 
with image *(A). So suppose i' : X' —T is another embedding of manifolds 
with g-corners with i'{X') = i{X). Corollary 14.111 gives unique smooth maps 
g : A —> A' with i = i'og, and h : X' —^ A with i' = ioh. Then iohog = i'og = i, 
so ho g = idjf as i is injective, and similarly g o h = idx'- 

Thus g and h are inverse, and g : A —A' is a diffeomorphism. Hence 
the manifold with g-corners structure on i{X) making z : A —^ *(A) a diffeo- 
morphism is the same as the manifold with g-corners structure on A making 
T : A' —>■ z(A) a diffeomorphism, and is independent of the choice of A, z. □ 

Here are analogues of Definition 12.181 and Proposition [2T9l 

Definition 4.13. A smooth map / : A —>• T of manifolds with g-corners is 
called etale if it is a local diffeomorphism. That is, / is etale if and only if for 
all X C A there are open neighbourhoods U of x in A and V = f{U) of /(x) in 

Y such that /|c/ : 1/ —>• H is a diffeomorphism (invertible with smooth inverse). 

Corollary 4.14. A smooth map f : X ^ Y of manifolds with g-corners is 
etale if and only if f is simple (hence interior) and ^df : ^TA —>■ f*{f'TY) is 
an isomorphism of vector bundles on X. 

If f is etale, then f is a diffeomorphism if and only if it is a bijection. 

Proof. Suppose / is etale. For x C A with /(x) = y, f has a local inverse 
g near x, so ^df\x ■ ^T^X ^TyY is an isomorphism with inverse ^dg\y : 
^TyY —>• ^TxX, and Mxf '■ MxX —>■ MyY is an isomorphism with inverse 
Myg : MyY —^ MxX. As this holds for all x G A, ^df : ^TX —5> f*{f’TY) is an 
isomorphism, and / is simple. This proves the ‘only if’ part. 

Next suppose / is simple and ^df is an isomorphism, and let x C A with 
/(x) = y GY. Then A near x is locally modelled on Xq x R™ near (^O) 0)) and 

Y near y is locally modelled on Xr x R” near ((5o,0), for some toric monoids 
Q, R and m,n ^ 0. Also / is an immersion, so we can apply Theorem 14.101 As 
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/ is simple, a : R ^ Q identified with (14.21) is an isomorphism, and as ^d/ is 
an isomorphism, dimX = dimK, so m = n. Thus Theorem 14.lOf yl says there 
exist open neighbourhoods x G V C X and y G W C Y with f\v:V^Wa. 
diffeomorphism. Hence / is etale, proving the ‘if’ part. 

For the final part, diffeomorphisms are etale bijections, and it f : X ^ Y 
is an etale bijection, then it has an inverse map f~^ : H > X, and the etale 
condition implies that f~^ is smooth near each point f{x) in H, so f~^ is 
smooth, and / is a diffeomorphism. □ 

Next we investigate the analogue of Remark l4.7r Bl: the question of whether 
embedded submanifolds X ^ Y can be described locally as the solutions of 
dimH — dimX transverse equations in T, and conversely, whether the solution 
set of k transverse equations in Y is an embedded submanifold X ^ Y with 
dimH — dimX = k. The answer turns out to be complicated. 

The next theorem, proved in 115.21 gives a special case in which a set of 
transverse equations can be used to define an embedded submanifold. It will be 
used to prove theorems in 114.31 on existence of transverse fibre products. 

Theorem 4.15. Suppose Q is a toric monoid, V is an open neighbourhood 
of ((5o,0) in Xq X R", and fi,gi : V —>■ [0,cx)) are interior maps for i = 
l,...,fc with fi(6o,0) = gi{6o,0), and hj : V ^ M. are smooth maps for j = 
with hj{5o,0) = 0, such that ^dfi\,^So,o) “ ■ ■ ■/d/fe|(5o.o) - 

are linearly independent in ''T^So,o)^- Define 

X° = {vGV° ■. fi{v) = g^{v), i = l,...,fc, hj{v)=Q, j = l,...,/}, (4.3) 

and let X = X° he the closure of X° in V. Suppose (^OjO) G X. 

Here ^d/i is a vector bundle morphism ^TV —?■ f*{’’T[0,oo)), but we re¬ 
gard it as a morphism ^TV —>• M, and hence a section of ^T*V, by identifying 
^T[0, oo) = M with x-^ = 1, for x the coordinate on [0,oo), and similarly 
for ^dgi- In effect we have ^d/i = f~^dfi = dlog/i, so that ^dfi — '^dgi = 
d\og{fi/Pi), but '^dfij^dgi are still well-defined where fi = 0 and pi = 0 in V. 

Then there exists a toric monoid P, an open neighbourhood U of (i5o,0) 
in Xp X M™, where rankP + m = rankQ -\- n — k — I, an interior embedding 
(j) : U ^ V with (j){6o,0) = {So,0), and an open neighbourhood V of ((5o:0) in 
V, such that 4>{U) = X <1 V'. 

Using the isomorphism 

V = Xq © T*R^ ^ (Q ©„ R) © R", (4.4) 

write '^dfi\(^So,o} - ^d5i|(5o,o) = fi ® for i = 1,... ,k, where /3i e Q ©n Z C 
Q ©N R and 7 i G R". Then there is a natural isomorphism 

P'^ = {p G Q'^ : p{j3i) =Q for i = l,...,k), (4.5) 

which identifies the inclusion P'^ ^ Q'^ with —>• Mi^g^^igfV. 
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Let us now make the additional assumption that j3i^..., (5k are linearly in¬ 
dependent over R in The r.h.s. of (031) makes sense without supposing 

that (5o,0) € X. Under our additional assumption, (5o,0) G X is equivalent to 
the condition that the r.h.s. of B31) does not lie in any proper face F C Q'^ of 
the toric monoid . 

Theorem 0321 is only a partial analogue of Remark l4.7f Bl. as it proves that 
subsets locally defined as the zeroes of transverse equations (as in (14.31) 1 are 
embedded submanifolds, but it does not claim the converse, that embedded 
submanifolds are always locally defined as the zeroes of transverse equations. 
The next example shows that the converse of Theorem 14.151 is actually false. 

Example 4.16. Define </> : [0,oo) —>■ [0,oo)^ by 4>{x) = + x^,x^). Then (f 

is an interior embedding. However, there do not exist interior f,g : [0,oo)^ -G 
[0, oo) with /(0,0) = 5 ( 0 , 0 ) = 0 such that (/)((0, cx))) = {{y,z) G ( 0 , 00 )^ : 
f{y,z) = 5 ( 5 , 2 )} and ^df — ^dg is nonzero on (/)([ 0 , 00 )), even only near ( 0 , 0 ) 
in [0, 00 )^. To see this, observe that we must have 

/(y, 2 ) = D(y, z)y^z\ g{y, z) = E{y, z)tz^ 

for D,E : [0,cx))^ —>• (0,cx)) smooth and defined near (0,0) and a,b,c,d G N. 
Then ^d/ — ^dy nonzero at (0, 0) implies that (a, b) ^ (c, d). 

The equation f{x^ x^,x^) = g{x^ x^,x^) is now equivalent to 

^2a+3b-2c-3d(j ^ E{x^ + X^, X^)/ Dix"^ + X^, X^) . (4.6) 

Putting X = 0 and using D,E > 0 gives 2a + 3& — 2c — 3d = 0. Applying ^ to 
(1431) and setting x = 0 then yields a — c = 0 , so (a, b) = (c, d), a contradiction. 

We can write (()([0,cx))) in the form {( 5 , 2 ) G [0,cx))^ : h{y,z) = O} for 
h : [0, cx))^ ^ R smooth, e.g. with h{y, z) = {y — z)^ — 2 ^. But then d/i|(o_o) = 0 
in both T(o_o)[ 0 , 00 )^ and ^T(o,o)[ 0 , 00 )^, so h is not transverse. 

Note that if we had defined (j){x) = (x^,x^), we could write (()([0,cx))) = 
{(.y,z) G [0,cx))2 : /(y, 2 ) = 5 ( 5 , 2 )} for f{y,z) = y^ and 5 ( 5 , 2 ) = 2 ^. The 
problem is with the higher-order x^ term in x^ -|- x^ in (j){x) = (x^ -|- x^, x^). 

Using Theorem 14.151 we prove: 

Corollary 4.17. Let Y be a manifold with g-corners, fi,gi '■ Y -G [0,cx)) he 
interior for i = 1,... ,k, and hj : Y ^ R be smooth for j = 1,... ,1, set 

X° = {x gY° : fi{x) = gi(x), i = l,...,k, hj{x)=0, j = !,...,/}, 

and let X = X° he the closure of X° in Y. Suppose that ^dfi\x — ^dgi\x, ■ • ■, 
^dfk\x — ^dgk\xTdhi\x ,..., dhi\x are linearly independent in ^TfY for each x G 
X, interpreting ^dfi — ^dgi as in Theorem 14.151 Then X has a unique structure 
of a manifold with g-corners with dim A = d\m.Y — k —I, such that the inclusion 
X ^ Y is an embedding. 
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Proof. Let x & X QY. Then we can locally identify Y near x with Xq x R" 
near (do,0), for some toric monoid Q and n ^ 0. Theorem 14.151 proves that X 
near x is of the form for (j) : U ^ Y an embedding, and U a manifold 

with g-corners of dimension rank P + m = rank Q + n — k — I = dim Y — k — 1. 
Corollary 14.121 now shows that X near x has a unique structure of a manifold 
with g-corners with dimX = dimT — fc — Z ^ 0, such that the inclusion X '^Y 
near x is an embedding. As this holds for all x G X, the corollary follows. □ 

Note that the corollary is false for X, Y manifolds with (ordinary) corners, 
as the next example shows. 

Example 4.18. Let Y = [0,00)"^ with coordinates (j/i, ?/2,2/3,2/4), and define 
1,9 '-Y [ 0 , 00)^ by f {91,92,93,94) = 9192 and g(yi, 2 /2, 2 / 3 , 2/4) = 2 / 32 / 4 - Then 

^df — ^dg is a nonvanishing section of ^TY, so Corollary 14.171 defines a manifold 
with g-corners X embedded in Y, which is 

^ = {(2/1, 2 / 2 , 2 / 3 ,2/4) G [0,00)"^ : 2/12/2 = 2/32/4}- 

This is Xp in (13.71) . so X is diffeomorphic to Ap in Example 13.231 which is 
our simplest example of a manifold with g-corners which is not a manifold with 
corners. Thus in Corollary 14.171 if F is a manifold with corners, X can still 
have g-corners rather than (ordinary) corners. 

4.3 Transversality and fibre products 

Here is a definition from category theory. 

Definition 4.19. Let C be a category, and g : X ^ Z, h : Y Z he morphisms 
in C. A fibre product of g,h inC is an object W and morphisms e : W ^ X 
and / : IT —> F in C, such that g o e = h o f, with the universal property that 
if e' : W —X and /' : W —>■ F are morphisms in C with g o e' = h o f then 
there is a unique morphism b : W' —)■ W with e' = eob and f = f o b. Then 
we write W = X Xg,z,h Y or W = X XzY. The diagram 

W ---^F 

^ hi (4.7) 

A- - - 

is called a Cartesian square. Fibre products need not exist, but if they do exist 
they are unique up to canonical isomorphism in C. 

The next definition and theorem are well known. 

Definition 4.20. Let g : X ^ Z and h : Y Z he smooth maps of manifolds 
without boundary. We call g, h transverse if T^g © Tyh : T^X © TyY T^Z is 
surjective for all a; £ A and 9 GY with g{x) = h{ 9 ) = z G Z. 
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Theorem 4.21. Suppose g : X ^ Z and h : Y ^ Z are transverse smooth 
maps of manifolds without boundary. Then a fibre product W = X Xg^z,h Y 
exists in Man, with dim IT = dimX + dimT — divaZ. We may write 

W = {(x,y) e X X Y : g(x) = h{y) in Z} 

as an embedded submanifold of X x Y, where e '.W ^ X and f : W ^ Y act 
by e:{x,y)^ X and f : (x, y) y. 

The goal of this section is to extend Definition 14.201 and Theorem 14.211 to 
manifolds with g-corners. We will consider fibre products in both the category 
Man®^^, and in the subcategory ManP with morphisms interior maps. Remark 
14.291 compares our results with others in the literature. 

Writing * for the point regarded as an object of Man®"^, for any manifold 
with g-corners, morphisms e : * —>■ X in Man®'^ correspond to points x G X, 
and (interior) morphisms e : * ^ X in ManP correspond to points x £ X°. 
So applying the universal property in Definition 14.191 with W' = * yields: 

Lemma 4.22. Suppose we are given a Cartesian square (14.71) in Man®*^. Then 
as in Theorem 14.211 there is a canonical identification of sets only 

W = {{x,y) € X xY : g{x) = h{y) in Z], (4.8) 

identifying e : W ^ X, f : W ^ Y with e' : (x, y) i—>■ x, /' : (x, y) i—>■ y. 

If instead ()4.7I) is a Cartesian square in Manf^, in the same way, for the 
interiors W°, X° ,Y°, Z° we have a canonical identification of sets 

W° ^ {(x,y) €X° xY° ■. g(x) = h(y) in Z°]. (4.9) 

The next example shows the lemma may not hold at the level of topological 
spaces, or embedded submanifolds, even for manifolds without boundary. 

Example 4.23. Take X = T = R and Z — "E?, and define g : X ^ Z, 
h:Y ^ Zhy g{x) = (x, 0), h{y) = [y, sin for y ^ 0, and h{0) = (0,0). 

Then a fibre product W exists in Man. As in (I4.8L as sets we may write 

W = {ix,y) G X xY : g{x) = h{y) in Z) = {(i, i) : 0 ^ n £ Z} U {(0,0)}. 

However, IT is a 0-manifold, a set with the discrete topology, but the topology 
induced on W by its inclusion in A x T = is not discrete near (0, 0). Thus 
in this case (03) is not an isomorphism of topological spaces, and IT is not an 
embedded submanifold of A x T. This does not contradict Theorem 14.211 as 
g, h are not transverse at (0, 0). 

Here are two notions of transversality for manifolds with g-corners, general¬ 
izing Definition 14.201 We take g, h interior so that ^Tyh are defined. 

Definition 4.24. Let g : X ^ Z and h : Y ^ Z he interior maps of manifolds 
with g-corners, or more generally interior morphisms in Man®'^. Then: 
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(a) We call g, h b-transverse ii^Txg®^Tyh : (B^TyY —>• is surjective 

for all a; G X and y &Y with g{x) = h{y) = z & Z. 

(b) We call g, h c-transverse if they are b-transverse, and for all a; G X and 
y GY with g{x) = h{y) = z G Z, the linear map ^Nxg © ^Nyh : ^N^X © 
^NyY —>■ ^NzZ is surjective, and the submonoid 

{{\,g)GMxXxMyY : Mxg{X) = Myh{g) in MzZ)GMxXxMyY (4.10) 

is not contained in any proper face F C M^X x MyY of MxX x MyY. 

If g (or h) is a b-submersion in the sense of M.ll and h (or g) is interior, then 
5 , h are b-transverse. 

B-normal maps and b-fibrations from M.ll give conditions for c-transversality. 

Proposition 4.25. Let g : X ^ Z and h : Y ^ Z be interior maps of 
manifolds with g-corners. Then g, h are e-transverse if either 

(i) g, h are b-transverse and g or h is b-normal; or 
(ii) g or h is a b-fibration. 

Proof. For (i), suppose g^h are b-transverse and g is b-normal, and let a; G X 
and y G Y with g(x) = h{y) = z G Z. As 5 is b-normal, one can show 
that ^Nxg '■ ^XxX ^NzZ is surjective, which implies that ^Nxg © ^Nyh : 
^NxX © ^NyY —)• ^NzZ is surjective, as we want. 

If P is a toric monoid, write P° = P \ p c the complement 

of all proper faces F in P. Since h is interior, Mxh maps {MyY)° —s- {MzZ)°. 
Let g G (MyY)°, and set v = Mxh(p) G {MzZ)°. As g is b-normal, one can 
show that Mxg : MxX MzZ is surjective up to finite multiples: there exists 
A G (MxX)° with Mxg{X) = n ■ v ior some n > 0. Then (X,n ■ p) lies in 
()4.10l) and in {MxX)° x {MyY)°. So (14.101) does not lie in any proper face of 
MxX X MyY, and g, h are c-transverse. 

For (ii), g a b-fibration means it is a b-normal b-submersion, and g a h- 
submersion implies g,h b-transverse, so (ii) follows from (i). □ 

The following theorem is proved in (15.,11 

Theorem 4.26. Let g : X ^ Z and h : Y Z be b-transverse (or c- 
transverse) interior maps of manifolds with g-corners. Then C{g) : C{X) —>■ 
C{Z) and C{h) : C(Y) —^ CiZ) are also b-transverse (or c-transverse, respec¬ 
tively) interior maps in Man®'^. 

The next two theorems, perhaps the most important in the paper, proved in 
(15.41 and ( 15.51 show that b-transversality is is a sufficient condition for existence 
of a fibre product W = X Xg^z,h Y in Man?^, and c-transversality a sufficient 
condition for existence of a fibre product in Man®*^, and in the latter case we 
have C{W) = C{X) Xc(g),c{z),c{h) C{Y) in Man®'^ and Manf^. The explicit 
expressions for W°, W in (14.11l) - (14 121) come from Lemma [4.221 
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Theorem 4.27. Let g : X ^ Z and h : Y ^ Z be b-transverse interior maps 
of manifolds with g-corners. Then a fibre product W = X Xg^z,h Y exists in 
Man?^, with dim VF = dimX + dimT — dimZ. Explicitly, we may write 

W° = {[x,y) &X°xY°-. g{x) = h{y) m Z°}, (4.11) 

and take W to be the closure W° of W° in X xY, and then W is an embedded 
submanifold of X x Y in the sense of M.21 and e : W ^ X and f : W ^ Y 
act by e : (x,y) ^ X and f : (x, y) i—>■ y. 

Theorem 4.28. Suppose g : X ^ Z and h : Y ^ Z are c-transverse interior 
maps of manifolds with g-corners. Then a fibre product W = X Xg^z,h Y exists 
in with dim IT = dim X + dimT — dimZ. Explicitly, we may write 

W = {{x,y) & X xY : g{x) = h{y) in Z}, (4.12) 

and then W is an embedded submanifold of X x Y in the sense of M.21 and 
e : W ^ X and f : W ^ Y act by e : {x,y) ^ x and f : {x, y) i-)- y. This W 
is also a fibre product in Man?)^, and agrees with that in Theorem 14.271 
Furthermore, the following is Cartesian in both Man®*^ and Man?)^: 


C{W) 

\c{e) 

C{X) 


c(f) 

C(g) 


C{Y) 

C{Z). 


(4.13) 


Equation (14.131) has a grading-preserving property, in that if (w,l3) G Ci(W) 
with C(e)(w,j3) = (x,j] € CJX), and C{f){w, (3) = (y,S) € Ck(Y), and 
C{g){x,-i) = C{h){y,5) = {z,e) G Ci{Z), then i + l= j + k. Hence 

C^{W) - C\{X) xc(,)|....c,(z),c(/.)|... Ci{Y), (4.14) 

where C‘(X) = Cj{X) nCig)-\CiiZ)) and Cl(Y) = Ck(Y) D C(h)-\Ci(Z)), 
open and closed in Cj{X), Ck{Y). When i = 1, this gives a formula for dW. 

Remark 4.29. Here is how our work above relates to previous results in the 
literature. The author [51 §6] defined ‘transverse’ and ‘strongly transverse’ maps 
g : X —>■ Z, h : Y Z in the category Matig^. of manifolds with corners and 
strongly smooth maps, similar to b- and c-transverse maps above, and proved 
an analogue of Theorem 14.281 for (strongly) transverse fibre products in Marig^. 

Kottke and Melrose (20] §11] studied fibre products in the category Manj^ of 
manifolds with (ordinary) corners and interior smooth maps, in the notation of 

They defined ‘b-transversal’ maps g : X ^ Z, h : Y Z in Manf^, which 
agree with our b-transverse maps when X, Y, Z have ordinary corners. They 
prove an analogue of Theorem 14.271 that it g,h are b-transversal and satisfy 
an extra condition, then a fibre product X Xg^z,h Y exists in Manj^. Under 
further conditions including g, h b-normal, they prove X Xg^z,h Y is also a fibre 
product in Man'’, as in Theorem 14.281 
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Kottke and Melrose’s extra condition is equivalent to saying that the hbre 
product W = X Xg^z,hY in Man?^ given by Theorem 14.271 has ordinary corners 
rather than g-corners. Without this condition, they know that W = X Xg^z.h Y 
exists as an ‘interior binomial variety’, which is basically a manifold with g- 
corners W embedded in a manifold with ordinary corners X xY. So they come 
close to proving our Theorem 14.271 when X, Y, Z have ordinary corners and W 
has g-corners. Their results were part of the motivation for this paper. 

Combining Proposition 14.251 iil and Theorem 14.281 yields: 

Corollary 4.30. Suppose g : X ^ Z and h : Y ^ Z are morphisms in Man®^, 
with g a b-fibration and h interior. Then a fibre product W = X Xg^z,h Y 
with dim IT = dimX + dimT — dimZ exists in Man®'’, which may be written 
W = {(a;,y) G X xY : g{x) = h{y)}, as an embedded submanifold of X x Y. 

If we do not assume h is interior, Corollary 14.301 is false: 

Example 4.31. Define X = [0, oo)^, Y = *, Z = [0, oo) and smooth maps 
g : X ^ Z, h : Y ^ Z by g(x, y) = xy and h ^ 0. Then g is a b-fibration, 
but h is not interior. In this case no fibre product W = X Xg^z,h Y exists in 
Man®'’, as by Lemma H.22l it would be given as a set by IT = { {x, y) G [0, oo)^ : 
xy = O}, but no manifold with g-corners structure on W near (0, 0) can satisfy 
all the required conditions. 

Here are examples of three phenomena which can occur with b-transverse 
but not c-transverse fibre products in Man?^ and Man®”: 

Example 4.32. Let X = [0,oo) x K., T = [0, oo) and Z = [0, oo)^. Define 
g : X -)■ Z by g{xi,X 2 ) = (xi, ccie’'”’) and h:Y ^ Zby h{y) = {y,y). Then g,h 
are b-transverse, as g is a b-submersion by Example l4.4f iiiL But g,h are not 
c-transverse, since at (0,X2) G X and 0 G T with g(0,X2) = h(0) = (0,0) G Z, 
we may identify © ’’NqY —>■ ^fV(o^o)^ with the map 

R © R —)• taking (A, p) i-)- {X + p, X + p), which is not surjective. 

Theorem 14.271 gives a fibre product W = X Xg^z,h Y in Man?^, where 

IT = { {w, 0,w) : w £ [0, oo)} = [0, oo). 

Lemma [4.221 shows that if a fibre product IT' = X Xg^z,h Y exists in Man®”, 
then as a set with projections e : IT' —>• X, / : IT' -G Y we have 

IT' = {(iu,0,w;) : w G [0,oo)} U {(0,x,0) : x G R} C X x T. 

This is the union of copies of [0,oo) and R intersecting in one point (0,0,0). 
In this case no fibre product X XzY exists in Man®”, as no manifold with 
g-corners structure on IT' near (0, 0,0) can satisfy all the required conditions. 

Theorem 14.261 shows C{g),C{h) are b-transverse, so by Theorem |4?2ZI (gen¬ 
eralized to Man?)’) the fibre product C{X) Xc(g),c(z),c(h) CiY) in Man?^ 
exists. It is the disjoint union of [0,oo) from Co{X) Xco(z) C^iY) and R from 
Ci{X) xc 2 iz) Ci{Y). But C(IT) = [0, oo) B{0}, so C(IT) ^ C{X) Xc(z) C(Y). 
The fibre product C(X) Xc(g),c(z),c(h) CiY) in Man®” does not exist. 
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Example 4.33. Let X = Y = [0, oo) and Z = [0, c»)^, and define g : X ^ Z, 
h:Y^ Zhyg{x) = {x,x), h(y) = {y,y^). Then g,/i are b-transverse. However, 
they are not c-transverse, as at 0 G X and 0 G E with g(0) = h{0) = (0, 0) G Z, 
although ^Nog © ^Noh : ^NqX © ’’NqY ^iV(Q o)2' is surjective, the submonoid 
(I4.10p is zero, and so lies in a proper face of MqX x MqY = 

The fibre product W in Man?^ in (14.111) given by Theorem 14.271 is IT = 
{(1,1)}, a single point. Although Theorem 14.281 does not apply, it is easy to 
show that W = 1(0,0), ( 1 , 1 )} in equation (14.121) is a fibre product in Maris'^. 
So fibre products X Xz Y in Man?} and Man®^^ exist but do not coincide. 

Note that W C W'. In general, if (/, h are b-transverse but not c-transverse, 
and fibre products W = X Xz Y in Man?} and W = X XzY in Man®^^ both 
exist, then W is (diffeomorphic to) a proper, open and closed subset of W. 

In this case a fibre product C{X)xc{z)C{Y) exists in Man?^ and is 2 points, 
so agrees with C{W') but not with C'(IT), and a fibre product C{X) Xc{z)C{Y) 
exists in Man®'^ and is 3 points, so does not agree with either C{W) or C'(IT'). 

Example 4.34. Let X = Y = [0,1)^ and Z = {(zi, Z 2 , Z 3 , Z 4 ) G [0, 00 )^ : 
Z 1 Z 2 = 23 -^ 4 }, as in (1X71) . so that Z = Xp ioT P the toric monoid of Example 
13.231 Define g : X ^ Z, h : Y Z hy g{xi,X 2 ) = {xi, xix^, X 2 , xlx 2 ) and 
h{yi,y 2 ) = {yiyl,yi,yly 2 ,y 2 )- Then the only points xeX,yeY,zGZ 
with g(x) = h{y) = z are x — (0, 0), y = (0, 0), z = (0,0, 0,0). These g, h are 
b-transverse, but not c-transverse, as at a; = y = (0, 0) the submonoid (14.101) is 
zero, and lies in a proper face of M^X x MyY = 

In this case the fibre product W = X Xg^z,h Y in Man?} given by Theorem 
14.271 is IT = 0. A fibre product IT' = X Xg^z,h Y in Man®'^ exists, with IT' = 
{((0,0), (0,0))}. Note however that dim IT' = 0 < 1 = dimX+ dimT — dim Z, 
so the fibre product IT' in Man®"^ has smaller than the expected dimension. 

Again, a fibre product C{X) Xc(z) CiY) exists in Man?} and agrees with 
C'(IT') but not with C'(IT), and a fibre product C{X) Xc{z) C(Y) exists in 
Man®^^ and is 2 points, so does not agree with either C'(IT) or C'(IT'). 

Remark 4.35. One could also look for useful sufficient conditions for fibre 
products X Xg^z,h Y to exist in Man®"^ when g : X ^ Z, h : Y ^ Z are not 
both interior. Example 14.311 shows that g a b-fibration and h general is not a 
sufficient condition, but one can prove that g a simple b-fibration and h general 
is sufficient. A good approach may be to suppose that C{g) : C{X) C{Z), 
C{h) : C{Y) —>■ C{Z) are b-transverse (they are already interior), so that a 
fibre product C{X) Xc(z) C(Y) exists in Man?}, and then seek extra discrete 
conditions ensuring that the highest-dimensional component of C{X) Xc{z) 
CiY) is a fibre product X Xg^z,h Y in Man®"^. 

4.4 (M-)Kuranishi spaces with g-corners 

‘Kuranishi spaces’ are a class of singular spaces generalizing manifolds and orb- 
ifolds, which first appeared in the work of Fukaya, Oh, Ohta and Ono Hi] as 
the geometric structure on moduli spaces of J-holomorphic curves in symplectic 
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geometry. One can consider both Kuranishi spaces without boundary [i], and 
with corners [3] . The definition of Kuranishi spaces has been controversial from 
the outset, and has changed several times. 

Recently it has become clear |T2] that Kuranishi spaces should be understood 
as ‘derived smooth orbifolds’ and are part of the subject of Derived Differential 
Geometry, the differential-geometric analogue of the Derived Algebraic Geome¬ 
try of Jacob Lurie and Toen-Vezzosi. 

One version of Derived Differential Geometry is the author’s 2-categories of 
‘d-manifolds’ dMan and ‘d-orbifolds’ dOrb [5HTT|. which are defined as special 
classes of derived schemes and derived stacks over C^-rings, using the tools of 
(derived) algebraic geometry. 

In a second approach, the author |12j gave a new definition of Kuran¬ 
ishi space, modifying laii]. This yielded an ordinary category MKur of ‘M- 
Kuranishi spaces’ MKur, a kind of derived manifold, and a 2-category of ‘Ku¬ 
ranishi spaces’ Kur, a kind of derived orbifold. The definition involves an atlas 
of charts (‘Kuranishi neighbourhoods’ (K, A, T, s, ^/i)) and looks very different 
to that of d-manifolds and d-orbifolds, but there are equivalences of categories 
MKur ~ Ho(dMan) and of 2-categories Kur ~ dOrb. 

In [T^l §3 & §5] the author also defined (2-)categories MKur^, Kur^ of 
(M-)Kuranishi spaces with corners. The construction starts with a category 
Man'’ of manifolds with corners, as in with the V in Kuranishi neighbour¬ 
hoods (y, E, r, s, ijj) objects in Man'’. The definition is not very sensitive to the 
details of the category Man'’ — variations on Man” satisfying a list of basic 
properties we expect of manifolds with corners will do just as well. 

So, as explained in detail in [121 §3-8 & §5.6], by replacing Man” by Man®” 
in [ill §3 & §5], we can define a category MKur®” of M-Kuranishi spaces 
with g-corners containing MKur”, Man”, Man®” as full subcategories, and a 
2-category Kur®” of Kuranishi spaces with g-corners containing Kur”, Man”, 
Man®” as full (2-)subcategories. 

Fibre products in Kur®” exist under weaker conditions than in Kur”, as 
the same holds for Man®”, Man”. For example, in m we will prove analogues 
of Theorem 14.271 and Gorollary 14.301 

Theorem 4.36. (a) Suppose X, Y are Kuranishi spaces with g-corners, Z 
is a manifold with g-corners, and g : X ^ Z, h : Y ^ Z are interior 1- 
morphisms in Kur®”. Then a fibre produet W = X Xgz,h X exists in the 2- 
category KurP of Kuranishi spaces with g-corners and interior 1-morphisms, 
with virtual dimension vdimTF = vdimJt -|-vdimK— dimZ. 

(b) Suppose g : X ^ Z is a (weak) b-fibration and h : Y ^ Z an interior 
1-morphism in Kur®”. Then a fibre product W — X Xg z,h X exists in Kur®”, 
with vdim W = vdim X -|- vdim Y — vdim Z . 

Neither part holds in Kur” rather than Kur®”. Note that there is no 
transversality assumption in (a), or any discrete conditions on monoids. 

Kuranishi spaces with g-corners will be important in future applications in 
symplectic geometry that the author is planning, for two reasons. Firstly, the au¬ 
thor would like to develop an approach to moduli spaces of J-holomorphic curves 
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using ‘representable 2-functors’, modelled on Grothendieck’s representable func¬ 
tors in algebraic geometry. It turns out that even if the moduli space is a Ku- 
ranishi space with (ordinary) corners, as in [5], the definition of the moduli 
2 -functor near curves with boundary nodes involves fibre products which do 
not exist in Kur'’, and the moduli 2-functor cannot be defined unless Theorem 
I4.36f bl holds. So we need Kur®'’ to define moduli spaces using this method. 

Secondly, some kinds of moduli spaces of J-holomorphic curves should actu¬ 
ally have g-corners rather than ordinary corners, in particular the moduli spaces 
of ‘pseudoholomorphic quilts’ of Ma’u, Wehrheim and Woodward ^5112411321151] . 
which are used to define actions of Lagrangian correspondences on Lagrangian 
Floer cohomology and Fukaya categories. 

Ma’u and Woodward [24] define moduli spaces A4n,i of ‘stable n-marked 
quilted discs’. As in [24l §6], for n ^ 4 these are not ordinary manifolds with 
corners, but have an exotic corner structure; in the language of this paper, 
the A4n,i are manifolds with g-corners. As in [53] Ex. 6.3], the first exotic 
example Al 4 p has a point locally modelled on Xp near Jq in Example 13.231 
Ma’u and Woodward (511 Th. 1.2] show the complexification i of A4n.i is a 
complex projective variety with toric singularities, which fits with our discussion 
of complex toric varieties and the model spaces Xp in 113.1.61 and Remark 13.131 

More generally, if one omits the simplifying monotonicity and genericity 
assumptions in [2511521 - 154] , the moduli spaces of marked quilted J-holomorphic 
discs discussed in [5511551 155] should be Kuranishi spaces with g-corners (though 
we do not claim to prove this), just as moduli spaces of marked J-holomorphic 
discs in Fukaya et al. [5] are Kuranishi spaces with (ordinary) corners. 

In another area of symplectic geometry, Pardon |31] defines contact homol¬ 
ogy of Legendrian submanifolds using moduli spaces of J-holomorphic curves 
which are a topological version of Kuranishi spaces with g-corners. 

4.5 Other topics 

Sections |4.21l4.3l extended known results for manifolds without boundary or with 
corners to manifolds with g-corners, but the extensions were not obvious, did 
not always work, and required new proofs when they did. Quite a lot of other 
material in differential geometry does extend to manifolds with g-corners in an 
obvious way, and does not require new proofs. This section gives some examples. 

4.5.1 Orientations 

Orientations on manifolds with corners are discussed by the author 0 §7], m 
§5.8] and Fukaya et al. [H §8.2]. We extend to manifolds with g-corners: 

Definition 4.37. Let X be a manifold with g-corners with dimX = n. Then 
A"(^T*X) is a real line bundle on X. An orientation o on X is an equivalence 
class [w] of top-dimensional forms u) € C'°°(A"’(^T*X)) with uj\x ^ 0 for all 
X € X, where two such are equivalent if w' = c • w for c : X —>■ (0,cx)) 
smooth. The opposite orientation is —o = [—u;]. Then we call (X, o) an oriented 
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manifold with g-corners. Usually we suppress the orientation o, and just refer 
to X as an oriented manifold with g-corners. When X is an oriented manifold 
with g-corners, we write —X for X with the opposite orientation. 

This is the same as one of the usual definitions of orientations on manifolds 
or manifolds with corners, except that we use ^T*X rather than T*X. Since 
^T*X and T*X coincide on X°, the difference is not important. 

As in conventional differential geometry, locally on X there are two possible 
orientations. Globally orientations need not exist - the obstruction to existence 
lies in H^{X,7j2) - and if they do exist then the family of orientations on X is 
a torsor for Z 2 ). 

As discussed in [HI §7], [SI §5.8], [HI §8.2] for manifolds with corners, if X is 
an oriented manifold with g-corners we can define a natural orientation on dX, 
and hence on d^^X, d^X, ..., and if AT, U, Z are oriented manifolds with 

g-corners and g : X ^ Z, h : Y Z are b-transverse interior maps then we can 
define a natural orientation on the fibre product W = X Xg^z.h ^ in ManP 
from Theorem 14.271 To do these requires a choice of orientation convention. 

Orientations do not lift to corners Ck{X) for fc ^ 2. If AT is oriented then 
d^X is oriented, and the natural free Z 2 -action on d^X from ProDOsition l3.32f al 
is orientation-reversing, so that C 2 (Ar) = d'^Xj'L^ does not have a natural ori¬ 
entation, and Ck{X) need not be orientable for fc ^ 2, as in [5] Ex. 7.3]. 

In all of this, there are no new issues in working with orientations on man¬ 
ifolds with g-corners, except for using X^{f’T*X) rather than A'^T*X, which is 
easy, and which one can already do for manifolds with ordinary corners. 

4.5.2 Partitions of unity 

Partitions of unity are often used in differential-geometric constructions, to glue 
together choices of local data. 

Definition 4.38. Let Ai be a manifold with g-corners and {Ui : z G /} an open 
cover of AT, where I is an indexing set. A partition of unity on X subordinate to 
{Ui : z G /} is a family {rji : z G /} of smooth functions : Ai —>■ R satisfying: 

(i) r]i{X) C [0,1] for all z G /. 

(ii) rii\x\Ui = 0 for all z G I- 

(hi) Each x € X has an open neighbourhood x G V C X such that zy^jv = 0 
for all except finitely many i G I. 

(iv) ~ f’ where the sum makes sense by (hi) as near any x G X there 

are only finitely many nonzero terms. 


By the usual proof for manifolds, as in Lee [m Th. 2.23], one can show: 

Proposition 4.39. Let X be a manifold with g-corners and {Ui : i G 1} an 
open cover of X. Then there exists a partition of unity {zy^ : z G /} on X 
subordinate to {Ui : z G /}. 
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4.5.3 Riemannian metrics 

Following Melrose [571 §2], [HI §4] for manifolds with corners, we define: 

Definition 4.40. Let X be a manifold with g-corners. A h-metric g on X 
is a smooth section g G C°° X)^ which restricts to a positive definite 

quadratic form on ^T^X for all a: G X. 

This follows the usual definition of Riemannian metrics on manifolds without 
boundary, but using ^TX, ^T*X rather than TX,T*X. By the usual proof for 
manifolds using partitions of unity (as in 1I4.5.2I) one can show that any manifold 
with g-corners X admits b-metrics g. 

On the interior X° we have ^TX = TX, bT*X = T*X, so g° := g\x° is 
an ordinary Riemannian metric on the manifold without boundary X°. If X 
is a compact manifold with g-corners, then {X°,g°) is a complete, generally 
noncompact Riemannian manifold, with interesting asymptotic behaviour near 
infinity, determined by the boundary and corners of X. 

Melrose [55H55] studies analysis of elliptic operators on {X°,g°) for X a 
compact manifold with corners (and also more general situations). It seems 
likely that his theory extends to X a compact manifold with g-corners. 

4.5.4 Extension of smooth maps from boundaries 

Let X be a manifold with corners. As in (lO) . there is a natural identification 

d^X ^ I ( x,Pi,f32) - x G X, /3i,/ 32 are distinct 

(4.15) 

local boundary components for X at xj, 

where igx ■ 3^X —>• dX maps (x,/3i,/32) and 11 : 5^X —)• X maps 

{x,Pi,f32) '-J- X. There is a natural, free action of Z 2 = {l,cr} on d^X by 
diffeomorphisms, where a : 5^X —>• 5^X acts by a : (x,/3i,/32) (x,/32,/3i), 

with n o cr = n. It is easy to show: 

Proposition 4.41. Let X be a manifold with (ordinary) corners, and a : 
d^X —^ d^X he as above. Then: 

(a) Suppose g : dX —K is a smooth function. Then there exists a smooth 
function / : X —>■ R with f\dx = 9 if ciiT'd only if g\d'^x • 9^X —>• R. 
satisfies g\g 2 x = g\o^x o cr- 

(b) Suppose E ^ X is a vector bundle, and t G C°^{E\qx)- Then there 
exists s G C°°{E) with s|ax = t if and only if t\g 2 x G C^{E\g 2 x) 
satisfies o'*{t\g 2 x) = t\g 2 x. 


Since local solutions / or s to the equations f\gx = 9, s|ax = t can be 
combined using a partition of unity (as in 114.5.21) to make global solutions, it is 
enough to prove Proposition 14.411 near 0 in X = = [0, 00 )^ x R"”^. 
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Note that the analogue of ProDOsition l4.4]T a') for smooth maps X [0, oo) is 
false. For example, there is no smooth map / : [0, cxd)^ ^ [0, oo) with f(x, 0) = x 
and /(O, y) = y, as /(x, y) = x + y is not a smooth map / : [0, oo)^ —>■ [0, oo). 

Now let X be a manifold with g-corners. By Proposition 13.321' al . we have 

d^X = {(x,/3i,/32) : x€X, /3i,/32 are distinct local boundary 

components of X at x intersecting in codimension 2}, 

as in (14.151) . and a free action of Z 2 = {1, cr} on by diffeomorphisms, where 
cr : d^X —> d^X acts by a : (x, /3i, /32) (x, /32, /3i). We can show: 

Proposition 4.42. The analogue of Proposition 14.411 holds for X a manifold 
with g-corners. 

Again, since partitions of unity exist for manifolds with g-corners as in 44.5.21 
it is enough to prove Proposition 0)35] near (Jq) 0) in A = Ap x R” for P a toric 
monoid, and we can do this by embedding Ap x R" in [0, 00 )^ x R" and using 
Proposition 14.411 for [0,oo)'^ x R". 

Results like Proposition 14.411 are important in constructing virtual chains 
for Kuranishi spaces with corners with prescribed values on the boundary, as in 
Fukaya et al. [3] , and Proposition l4.42l will be useful for applications of manifolds 
with g-corners and Kuranishi spaces with g-corners that the author plans in 
symplectic geometry. 

A different generalization of manifolds with corners would be to consider 
spaces A locally modelled on polyhedra in R”, with the obvious notion of smooth 
map. For such spaces, the analogue of Proposition 14.411 is false. For example, 
suppose A near x is modelled on the corner of an octahedron in R^, as in Figure 
13.11 Consider smooth g : dX —>• R with g\d 2 x = g\d^x ° <x. The possible sets of 
derivatives (dig,d 2 g,d^g,dAg) of g at x along the four edges at x span a space 
R'^, but for g = f\gx with / : A ^ R smooth the derivatives (dig, d 2 g, d^g, d/^g) 
lie in an R^ = TfX in R"*, so there are many smooth g : dX R with 
9\d^x = gld'^x ° CT for which there exists no smooth / : A —^ R with g = f\dx- 


5 Proofs of theorems in §[4] 

Finally we prove Theorems 14.10114.15114.26114.271 and 14.281 

5.1 Proof of Theorem 14.101 

Let Q, R, TO, n, i be as in Theorem l4.10l Using §3]we can show there are canonical 
isomorphisms M( 5 g^o)(AQ x R™) = Q'^ and M^So,o)i^R ^ 1^") — ■ So (14.21) 

is identified with a monoid morphism > R'^, which must be of the form 
for unique a : i? —>■ Q, as in (iii), since Q = , R = (i?^)^ for the toric 

monoids Q, R. 

By Definition 14.81 i being an immersion imposes strong conditions on the 
monoid morphism (14.2|1 . and hence on a'^ : Q'^ and a : R ^ Q. So 
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is injective, which implies that rankQ ^ ranki? as in (i). The dual morphism 
a : R ^ Q need not be surjective (e.g. in Example I4.9l iil. a : N maps 

a : (a, 6) i->- 2a + 36, so a(N^) = N \ {1}), but a is close to being surjective - 
for example, ^ is surjective, and the map Ca ■ Cr Cq of the 

rational polyhedral cones Cq,Cr associated to Q, R in >13.1.41 is surjective. The 
surjectivity property we need, which can be proved from Definition 14.81 is that 
if q € Q then there exist r € R and a = 1,2,... such that a(r) = a ■ q, that is, 
a is surjective up to positive integer multiples in Q. 

Choose a set of generators qi,... ,qM for Q. Then we can choose ri,, tm S 
R and oi,..., om = 1)2,... with a(rj) = aj ■ qj for j = 1,..., M. Extend 
ri,...,rM to a set of generators ri,...,rAr for R, for N ^ M. Then as in 
Proposition l3.14r al. x • • • x Xq^ : Xq —)> [0, oo)“ and x • • • x A^jy : Xr —>• 
[0,oo)'^ are homeomorphisms from Xq,Xr to closed subsets Xq C [0,oo)^, 
Xr C [0, oo)^ defined in (13.41) using generating sets of relations for (?i,..., qM 
in Q and ri,..., r^r in i?. Hence (Ag^ x ■ • ■ x Ag„) x idRm identihes Xq x R"* with 
Xq X R"* C [0,oo)^ X R"*. Let V' C Xq x R'" be the image of V. Similarly 
(Ar-j X • • • X Ar.„) x idR" identifies Xr x R” with Xr x R" C [0, oo)^ x R". 

Then Proposition Id.ldf cl applied to f : E —)• Xr x R” shows that there 
exists an open neighbourhood Y of V in [0, oo)^ x R"*, and an interior map 
h : Y ^ [0, oo)^ X R" of manifolds with (ordinary) corners, such that 

[(Ar-iX-■ •xAr„)xidRn]of = 6o[(AgiX-■-xAgj^jxidRm] : U [0, oo)^xR”. (5.1) 


We have simplihed things here, since Proposition l3.14l cl does not allow for the 
factors R'",R”, but these can be included using embeddings R™ ^ [0, 00)'"+^, 
R" —)• [0, oo)"’*'^ coming from minimal sets of monoid generators of Z™, Z". 

Write (u>i,..., wm, xi,..., Xm) for the coordinates on F C [0, 00)^ x R'" 
and (j/i,..., yjsf, zi,..., Zn) for the coordinates on [0, 00)^ x R", and write h = 
{Hi,...,HN,hi,...,hn) for Hj = ... ,Xm), hj = hj{wi,... ,Xm). Then 

near 0 in F we have Hj = Cj{wi,... ,Xm)- O^i fo^ ^ ^ and Cj :Y ^ 
(0, 00) smooth. Since the coordinates wi,..., wm correspond to the generators 
(71,..., qM G Q, and the coordinates j/i,..., j/at to ri,..., tat G R, and a{rj) = 
Uj ■ qj for j = 1, ..., M, we see that we can choose h such that 

Hj{wi,...,WM,Xl,...,Xm) =Cj{wi,...,Xm)-Wj^ j = l,...,M. ( 5 . 2 ) 


We can now show that 
^df|(5o,o) = 


(Elilif(O)-(r.)): A. 

Hom((5, R) © R™ —Hom(i?, R) © R". 


As i is an immersion, Definition 14.Sl il implies that is injective. 

Hence m ^ n, completing part (i) of Theorem 14.101 By applying a linear 
transformation to the coordinates (zi,..., Zn) on R", we can suppose that 




1, 6 = c = 1,..., m, 

0, otherwise. 


(5.3) 
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Define a continuous, non-smooth map 11 : [0, oo)^ x ^ [0, oo)^ x R”^ by 

H: {yi,...,yN,zi,...,Zn) <—)• ..., zi,..., z^). (5.4) 

By (15.2p . the composition 11 o /i : t/ —>• [0, oo)^ x R™ is given by 

Uo h{wi,... ,wm,Xi,. .. ,Xm) = (C'i(wi,... -Wi,..., 

1 / 

Cm{wi , . . . , Xfji^ (^ 1 ) • ■ • 1 Xm}i ■ • ■ i (^ 15 ■ • ■ 5 ^m]j 1 

which is smooth (as Cc > 0), although 11 is not. By (15.31) and (15.5p . the 
derivative of 11 o /i at (0,..., 0) € Id is the {M -|- m) x (M -|- to) matrix 


d(n o h){0) 


/diag(Ci(0)i/“S...,C'M(0)i/““) 0 


id„ 


which is invertible. Also (15.5|) implies that II o /i is simple near 0. Therefore 
ProT)osition l2. 191 shows IIo /i is etale near 0. So there exists an open 0 S T C T 
such that n o is a diffeomorphism from Y to its image. 

Set V = [(Aqj X • • • X Aq„) X idRm]“i(y). Then by (15.11) we have 

(no/i)|ri o Bo [(Ar-i X - • - xAr;^) xidRn] oi\y 

= (no /i)|^^ O (Ho /i)|.p o [(A,1 X- • •xAq„)xidR™]|p 

= [(Aqi X • • • X Xq^) X idRmJly. 


Since (A^^ x • • • x Xqf^) x idRm is a homeomorphism with its image, i\y is a 
homeomorphism with its image, proving part (ii) of Theorem 14.101 

We have already proved the first part of (iii). For the second part, consider 


S = {(mi, ..., Mat) G (— oo, O)'^ : there exist sequences (y^, 2 a)^i 
in i{y) (~l (A^ X R") and {ya)’^o in (0, oo) such that 
as a —)■ oo we have (y„, Za) —(doi 0) in Xr x R", 


/Ta ^ 0 in R, and ya ■ logiA^^ (y^)] ^ Uj in R for j = 1,..., A}. 


If iVa^^a) G i{V) (A (A^ X R") is close to ((5o,0) in Xr x R", then {Va^Za) = 
i{Wa,Xa) for {Wa,Xa) € V C Ag X M", and {Wa,Xa) is close to (dojO) in 
Xq X R™ as is a homeomorphism with its image. 

The definition of smooth maps in (13.21 now gives Xr^iVa) = Dj{wa,Za) ■ 
Xa{rj){wa), for some smooth Dj :V ^ (0, oo). Hence 

Ha ■ log[Ar^(ya)] = • log[A„(,.^)(l(;a)] +Ma ' \og Dj {w a, Za). (5.7) 

As a —>• OO we have \ogDj{wa, Za) —>• logDj((5o, 0), and Ha —t 0, so the final 
term in (E3 tends to zero. Thus we may rewrite (EH) as 

^ = {(mi, ..., un) G (— 00 , 0)^ : there exist sequences (tna))(li in Ag 

and (/ra)^o in (0, 00 ) such that as a —>• 00 we have Wa —?> do in Ag, 

0 in R, and Ha ■ log[Aa(rj)(u;a)] -t Uj in R for j = 1, ..., A}. 
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It is now easy to see that S is the intersection of (—oo,0)^ with the image of 
the composition of linear maps 

Hom(Q, M)-^ Hom(i?, R) ^ (5.8) 

Thus the subset i(V) Q X/j xR" near {Sq, 0) determines S, which determines the 
image of (15.81) . As ri,... ,rAr generate R, the second map in (15.81) is injective, 
so i(V) near (5o,0) determines the image of oa : Hom((3,R) —Hom(i?, R). 

We have a commutative diagram 

Q'^ = Hom((5, N)---^ = Hom(i?, N) 

jinc mc| 

Hom((5, R)- — -^ Hom(ii, R). 

Since (14.21) is identified with a'^, Definition 14.81' iibfiii') say that is injective 
and R^/a^{Q'^) is torsion-free. The torsion-freeness implies that a'^[Q'^] = 
i?'^n(oa)[Hom((5, R)]. Therefore i{V) near {Sq, 0) determines the image 
in R'^, where a'^{Q'^) = Q'^. The inclusion ^ R is dual to a : i? —>■ Q, 

up to — Q- Hence Q,a are determined uniquely, up to canonical 

isomorphisms of Q, by i{V) near (^o,0). Also i{V) (~l {X^ x R") is a manifold 
of dimension rankQ -I- m, so m is determined. This completes part (iii). 

Let P,U,l,f be as in (iv). Since i\y : V ^ i{V) is a homeomorphism and 
/([/) C i{V), there is a unique continuous map g : U ^ V with f = i o g. 
We must show that g is smooth near ((5o,0) G U. It is sufficient to show 
[{Xq^ X • • ■ X Xqi^) X idRm] o 5 :[/—>• [0, oo)^ x R*” is smooth near {6o, 0). But 

[(Agi X ■ • • X X idRm] og 

= (H o h\Y)~^ O n o /i|y o [{Xq, X ■■■ X Xq^) X idR-] og 

(5.9) 

= (n o hly) O n o [(An X • • -X Ar;v) xidRn] oio g 
= (noh|.p)“^ oHo [(An X- • •xAr-;v)xidR"] of, 

where the first step uses [(A^j x • • • x Ag„) x idRm] o g{U) C Y and H o hly has 
a smooth inverse, the second (EB, and the third f = i o g. In the last line of 
(EH), each term is smooth except H in (15.41) . which involves functions ■ 

As in part (iii), we can identify M(^Sofi)f ^ RX', for some 

monoid morphism fi : R ^ P. Since f{U) C i(V), using the argument of the 
proof of (iii) we see that (o/3)[Hom(P,R)] C (oa)[Hom(Q,R)] C Hom(i?, R), 
and hence that j3'^{P^) C a^[Q^) C Since is injective, it follows that 
/gv . pv ^ pv factors through : Q'^ R'^. That is, there exists a monoid 
morphism : P'^ Q'^ with o . Then 7 : Q —>■ P is a monoid 

morphism with /3 = 7 o a. 

Hence as / is smooth, for j = 1,, M, near (Jq, 0) in U we may write 
Xrj O f = Ej ■ Xp(j..) = Ej ■ Xjoa{rj) = = Pj ’ '^ 7 ( 5 ^) ^ H ^ [0, Oo), 
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where Ej : U ^ (0, oo) is smooth, as a{rj) = aj ■ qj. Thus o = 

: U [0,oo) near (i5o,0) in U, which is smooth. But by (15.41) . the 
only potentially non-smooth functions in the factor 11 in the last line of (15.91) 
are o for j = 1,..., M. So by dO]), [(Ag^ x • • • x Aq„) x idgm] o g is 

smooth on an open neighbourhood U of (^OiO) in U, and therefore g is smooth 
on U. This completes part (iv). 

Finally suppose a : R ^ Q is an isomorphism, and m = n. Then in the proof 
above, after choosing generators qi,, qM for Q, we can take Vj = a~^{qj) for 
j = 1,..., M, so that a{rj) = qj with aj = 1, and then ri,..., tm are already a 
set of generators for i? = Q, so we take N = M. Then 11 in (15.41) is the identity, 
and n o /i = /i, so the proof above shows that h is etale near 0, and we choose 
open 0 gY CY with 0 € h{Y) C [0, oo)^ x R™ open, and /i|y : Y h{Y) a 
diffeomorphism. 

We have X'q = X'^ C [0, oo)^, and h maps the closed set Yfi^Xg xR™) C Y 
into a closed subset of h{Y) D {X'j^ x R"^) C h{Y). On the interior (0,oo)'^, h 
maps Y n {Xq x R'”) to an open subset of h(Y) D {X'^ x M”), as it is a local 
diffeomorphism of manifolds without boundary. Hence h[Yr\{XQ xR™)] is open 
and closed in h{Y) D {X'^ x R"). As h{Y) D {X'^ x R”) is connected near (do, 0), 
making Y smaller we can suppose h[Y C] {Xq x R™)] = h{Y) D {X'^ x R"), so 
taking closures gives h[Y D {Xq x R"*)] = h{Y) D x R"). 

Thus, h~^ : h{Y) —>• Y maps h{Y) 0 {X'^ x R") —i> T 0 {Xq x R™). Setting 
F = [(A,i X - • •xA,j,f)xidRm]-i(y)Ct/ and VF= [(A^i x - • •xAr„)xidRn]“i(h(F)) 
QXji X R", we see that i\v :V ^ W has a smooth inverse with 

[(Aq^x-■ •xA,;,,f)xidRm]oi|^i =/i“^o[(AriX-■ •xArM)xidRn] : 1F^[0, oo)^xR™, 

as in (EB, so i\v is a diffeomorphism, as in (v). This completes the proof. 

5.2 Proof of Theorem 14.151 

Let Q,n,V, fi,gi,hj, l3i,ji,X° and X 9 (do,0) be as in Theorem 14.151 From 
1 13.21 on an open neighbourhood V of (do, 0) in V we can write 

f,{y,z)=D,{y,z) ■ Xs,{y), g^{y, z)=E,{y, z) ■ \t,{y), i = l,...,k, (5.10) 

where {y,z) G V, y G Xq, z = (zi,..., 2 „) e R”, and Si,ti G Q, Di,Ei : 
V —>■ (0, cxd) are smooth, for i = 1 ,..., fc. Under the isomorphism (14.41) . the 
components of ^dfi\(Sq^o)i in Q R 3 Q are Si,ti, so the component 

/3i of '^dfi\(^So,o) - in Q (8 >n R is I3i = Si-U. 

Now Pi,... are elements of Q (8 >n Z C Q <8>n R. We will first show that if 
Pi,..., Pk are not linearly independent over R in Q (8 in R then we can replace 
fi,gi,Si,ti,Pi,hj by f'i,g'i,s'i,t{,P'i for i = 1 ,..., fc' and h' for j = l,...,l', such 
that k' < k, I' > I with k' Yl' = k Yl, and /3(,..., are linearly independent 
over R, and X'° defined in (14.31) using f',g[,hj for i = 1,... ,k', j = 1,..., I' 
agrees near (do, 0) with X° defined using fi,gi,hj ior i = 1,... ,k, j = 1,... ,1. 
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Since k + l = fc' + Z', this substitution does not change the equation rank P + 
m = rankQ + n — k — I in the theorem. Also the substitution does not change 
{/3i,...,/3fc)K, and so does not change the expression for P'^ in (14.51) . Note 
that in the last part of Theorem 14.151 we assume that /3i,..., /3fe are linearly 
independent over R, so the substitution is unnecessary for the last part. 

To do this, permute the indices i = 1,..., fc in /j, gi, Si, ti, Pi if necessary such 
that Pi,, Pk' are linearly independent over R, where k' = dimR(/3i,..., Pk)R, 
and for i = k' + 1,..., k we have 

p^=T!:'=lCu>p^> (5.11) 

for unique Cui € R. Then define I' = I + k — k', and /' = ft, g[ = gi, s[ = st, 
= ti, P[ = Pi iov i = 1, ... ,k, and h' = hj for j = 1,..., Z, and define Zi' for 
j = Z + 1,..., Z' by 

h'j = \ogDj+u'-i - \ogEj+k'-i - Y!1 >=i C'(j+fc/_j)j/(log A' - log A). (5.12) 

The point of this equation is that by (I5.10I) - (I5.12I) . on V° we have 


fj+k'-i{y,z) _ 
gj+k'-iiy, z) f,,{y, 

_ D]+k'-i{y,z)\s.^^,_Py) A'(j/,2:)^o+*-'-‘)‘'At., 

Ej+k'-i{y, z)Xt^_^^,_, (y) A' (y, A*., {y)^u+y-iw 


Dj+k'-i{y,z) ^ Ee{y,z)^u+y-iw 
Ej+k'-i{y,z) DiPy,z)^u+y-i)i' 


exp{h'j{y,z)). 


Thus, if we assume // = y' for i = 1,... ,k', which gives fi = gi ior i = 1,..., k', 
then fj+k'-i = gj+k'-i is equivalent to exp(Zi') = 1 is equivalent to Zi' = 0 on 
V° for j = Z + l,...,Z'. 

That is, replacing fj+k'-i = Oj+k'-i by Zi' = 0 for j = Z + 1,...,Z' does 
not change X° in (14.3p . at least in V where (15.101) holds. The (k + Z)-tuples 
^d/i|(5o,o) - ^dyi|(5 o,o),---/d/fc|(5 o,o) - ^dyfe|(5o,o),dZii|(5o,o), ■ • ■ ,dZii|(5o,o) and 
^d/(|(5o.o) - *'dyl|(5o,o),---,*'d/M(5o,o) - ^dy^'l(5o.o)>dZi'i|(5„,o),---,dZi;.|(5„,o) in 
^^(5o.o)^ by an invertible {k + l) x {k + l) matrix, so '’d/{ |( 5 o,o) -*'dyl|( 5 o,o), 

■ ■ ■) *'d/fc' |(5o.o) - *'dflfc' |(5o.o), dZi'i|(5j,,o), • ■ ■, <iK'\{So,o) are linearly independent. 

Note that fj+k'-i{So,0) = 9j+k'-i{So,Q) does not imply that hj{6o,0) = 0. 
Instead, we can deduce h'j{6o, 0) = 0 from the assumption that (do, 0) G X, since 
h'j is continuous and (do, 0) is the limit of points v G X° in (14.31) with Zi'(u) = 0. 

We will suppose for the next part of the proof that fi, gi, Si,ti, Di, Ei for 
i = 1, ... ,k and hj for j = 1, ..., Z are as above, and Pi, ... ,Pk are linearly 
independent over R in Q <8 n ®.. Now dZii|(,5(, o), • ■ •, d/i;|(5u^o) are linearly inde¬ 
pendent in 0 )^ “ ^'Eso^Q 0 and the components in ^Tf^Xg are 

zero, so the components in TqR" are linearly independent. Hence I ^ n, and 
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by a linear change of variables (zi,..., z„) in R" we can suppose that 


dhj 


1 , 

0 , 3 = p= j ^p. 


(5.13) 


Choose a set of generators qi,... ,qN for Q. Writing r = rankQ, as in (13.31) 
choose relations for qi,... ^q^ in Q of the form 


alqi H-h afqN = blqi + -h qN for i = 1,..., iV - r, (5.14) 


where ai,b( e N for 1 ^ ^ IV — r, 1 ^ ^ N, such that the relations (I5.14|) 

form a basis over R for Ker((N^)'^ —)> Q'^) R. Then following the proof of 
Proposition I3.14r al. we can show that Xq^ x ••• x : Xq (0,oo)^ is a 
homeomorphism from Xq to 


Xq = {(xi,..., xat) e (0, oo)^ : x' 




''N > 


i = l. 


,N-r}. (5.15) 


Here we restrict to interiors Xq,Xq, (0, oo)^ as we don’t assume that the rela¬ 
tions (15.141) define Q as a quotient monoid of , but only the weaker condition 
that they span Ker((N^)^ —)■ ( 8 )^ R over R. 

By Proposition [3T4Kb) (slightly generalized as in the proof of Theorem l4.10l 
in SD, there exists an open neighbourhood W of [(Ag^ x • • • x Ag„) x idR^i](H) in 
[0, oo)^ X R" such that the interior functions fi, gi : V ^ [0, oo) and hj : H —>• R 
are compositions of {Xq^ x • • • x A^^) x idR" : H —>■ [0, oo)^ x R" with interior 
functions fi,gi -.W ^ [0, oo) and hj : W —>• R, for i = 1,..., iV and j = 1,..., n. 
As in (15.101) . on an open neighbourhood W of (0,..., 0) in W with 

[(A,, X • • • X Aq„) X idRn](H') = W' n (X'q X R”), (5.16) 

we can write 

fi{x,z) = Di{x,z)-xl' ■■■x% , gi{x,z) = Ei{x,z) ■ x\' ■ ■ ■ x% , (5-17) 


for i = 1 ,..., fc, where x = (xi,..., Xn) € [0, oo)^ and 2 = (zi,..., z„) € R" 
with {x,z) € W' C IT C [0, oo)^ x R", and Di,Ei : W —>■ (0,oo) are smooth, 

and sl,tl e N with s}qi H-h t}qi -I- ■ • • -I- qN = U in Q. From 

equation (15.131) it follows that 


9hj 

dZr, 


( 0 , 0 ) 


1, 3 

0 , j = l,...,l, p=l,...,n, j ^p. 


(5.18) 
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Consider the {N — r + k) x N matrix 


^ «! 

-4 

al 

-bl 

■ < 



-4 

4 

-bl ■ 

• a2^ 

-b^ 

^N-r 

- 51 

^N-r 

C'N-r 

- }? 

^N-r 

• 

C'N-r 

-b%.r 

si 

■Si 

-4 

s2 

-4 

s^ 

■Si 


4 

-4 

s2 

-4 

S^ 

■’2 


V 4 

-4 


-4 

S^ 

-tk 


(5.19) 


By definition of the the first N — r rows are linearly independent over R. 

But the last k rows are lifts oi si—ti,..., Sk—tk, which are linearly independent 
over R in Q ( 8 in R, and Q Cin R is the quotient of by the span of the first 
N — r rows. It follows that all — r + fc rows of (15.1911 are linearly independent 
over R, and the matrix ()5.19|1 has rank N — r + k ^ N. 

By elementary linear algebra, N — r + k oi the columns of (j5.19l) are linearly 
independent over R. By permuting qi,..., we can suppose the first N — r + k 
columns are linearly independent, so that the first N — r k columns form an 
invertible {N — r + fc) x (iV — r + k) matrix. Write the inverse matrix as 


/ 


Cl 

C 2 


cl 

ci 


d\ dl 

dl dl 


dl \ 

4 


\Cn— r+k C^Y—r+fc 


N-r 

CN-r+k 


d 


1 

N—r-\-k 


d 


2 

N—r-\-k 


Part of the condition of being inverse matrices is 


d 


k 

N—r-\-k 


/ 


N—r-\-k 

T. + 




-bf) =0, i = l,...,N-r, j = l,...,k, 


N—r-\-k 

H 4+ 




tl) 


1 , i=j = l,...,k, 

0 , i,j = l,...,k, i^j. 


(5.20) 

(5.21) 


Define interior functions xi,...,xn '■ W -+ [0,oo) and smooth functions 
ii, ..., : W' -)> R by 



bi{x,z4p 

Ei(x,z)'^'p ’ 

p= 1,.. 

., N — r + k, 

(5.22) 

[xp, 


p = N — 

r + k + 1,. . .,xn, 



J = I,---, 

1. 


(5.23) 


J = ^ + 1) 
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Then (15.171) and (I5.20I) - (I5.23I) imply that for all {x,z) G W we have 


1 AT tI , AT 

a,- a, o- 0, 

‘ * * ‘ ‘ * ^JSf 

=> Xi‘ •••x^ = X{ ■ 

■ ■ Xj^ , 1 — 1,. 


(5.24) 

Mx,z)=gi{x,z) ^ 

xd • • • X^ = X{ ■ 

"if • 1 

■ ■ Xff , J — 1, . 

..,k, 

(5.25) 

hj{x, z)=0 

II 

o 

J = l,- 

.., 1 . 

(5.26) 


Define a smooth function 'h : W —5> [0, oo)^ x R" by 

'i/{x,z) = {xi{x,z),... ,xn{x,z),zi{x,z),. .. ,Znix,z)). (5.27) 

Then (15.181) and (I5.22I) - (I5.23I) imply that is simple with 'h(O) = 0, and 
^dd^lo = id : R^+". Thus Proposition 12.191 savs 'h is etale near 0 

in W'. So by making V\W smaller, we can suppose that W" := Im'I' is an 
open neighbourhood of 0 in [0,cx))'^ x R", and 'k : W —>■ W" is a diffeomor- 
phism. Equations (14.31) . (I5.15I) - (I5.16I) and (I5.24I) - (I5.27I) now imply that 

4' o [(A,! X- ■ •xAgjv)xidRn](X° D V') = {{xi,.. .,xn,z-i, .. .,Zn)&W"° : 

X^'---Xj^ =X{---Xj^f, i = -r, (5.28) 

Xi---Xj^ =x{---x^, t = Zj=0, j = 

As in equation (14.51) . define 


P'^ = {p € Q'^ : pi(3^) = 0, i = (5.29) 

Then is a toric monoid, a submonoid of Q'^. Equivalently, we have 

P"^ ^ {(ci,...,C 7 v) GN^ : -6()cj =0, i = l,...,N -r, 

Ar (5.30) 

=0, I = 1,...,fc}. 

Write : P^ —>■ Q'^ for the inclusion morphism. Taking duals gives a toric 
monoid P with a monoid morphism a : Q ^ P. 

We expect P^ and P to have rank r — k = N — {N — r) — k, since P^ is 
defined by k linearly independent equations in Q'^ of rank r in (15.291) . or by 
N — r + k linearly independent equations in of rank N in (15.301) . This is not 
immediate, as for monoids the rank could be lower than expected — consider 
for instance {(ci,C 2 ) G : ci + C 2 =0} = {(0,0)}, defined by 1 equation in a 
monoid of rank 2, but which has rank 0 < 2 — 1. 

To see that P^, P do have the expected rank r — k, note that as (5o) 0) G AT 
by assumption, (0,..., 0) lies in the closure of the r.h.s. of (I5.28L so we can find 
solutions (xi,..., xn, 0,..., 0) to the equations of (15.281) with xi,... ,xn > 0 
arbitrarily small. Setting Cj = — logx^ , we see (^O)O) S X implies that there 
exist solutions (ci,..., Cjv) to the equations in (15.301) with ci,..., cat ^0 large 
in R, and so also with ci,...,CAr ^ 0 large in N, as G N. The 

only way that P^ could have smaller than the expected rank is if all solutions 
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(ci,..., Cat) in (15.301) lay in some boundary face of N^, but as there are solutions 
(ci,..., Cat) with Cj 2> 0 for all j, this does not happen. So P'^,P have rank r—k. 
Set m = n — I, so that rankP + m = rankQ + n — A: — Z, as in the theorem. 


Define ^ : Xp x 


[0,oo) 


N 


by 


' i 

E{v,{wi,...,Wm)) = {Xa{q^){v), . . . , . . . , 0 ,Wi, . . . ,Wm)- 

It is easy to see that S is an embedding, and a similar proof to Proposition 
IS.ldf al shows the image in the interior of [0, oo)^ x K" is 


(Im.= ) n [(0, oo)^ X R"] = {{xi,...,XN,Zi,...,Zn)e (0, CX))^ X 


• • • Xj^ = X 




i = -r, 


(5.31) 


i-AT 


t- t- 1 

x^----x,:t =xX---x^, i = Zj=Q, j = l,...,Z}. 


N — *^1 

Define U = an open neighbourhood of (do, 0) in Xp x R"*. Then 

comparing (15.281) and (15.311) shows that 

E{U°) = 4- o [(A,, X • • • X A,^) X idr](X“ n P'), 

so composing with '1'“^ : W" —5> W and taking closures in U, V, W shows that 


o S(C/) = [{Xq, X • • • X A,^) X idRn](X n V). 


(5.32) 


As [(Agj X • • • X Ag„) X idRr>]|v' : V' ^ W and 'k ^ oS are both embeddings, 
Corollary 14.111 shows that there is a unique embedding (j) : U ^ V with 

[(A,i X • • • X A,^) X idr] o(j)= o S, 

which is interior as '1'“^ o S is. Then (15.321) gives (j){U) = X D P' as {Xq^ x • • • x 
Ag„) X idr is injective, and (j){6o,0) = (do,0) as o S(do,0) = [(Ag^ x • • • x 
\n) ^ idR"](do,0) = 0. The monoid morphism M(, 5 p o)'(> ^ ^{Sq, o)U ^ M(5o_o)P 
is naturally identified with the inclusion ^ Q'^ from (I5.29P . This proves the 
first two parts of Theorem 14.151 

At the beginning of the proof, if /3i,..., /3fc were not linearly independent 
over R then we replaced fi,gi, Si, ti,Pi, hj by /', 5 ', s', t', I3[ for i = 1,..., fc' and 
h'j for j = 1,..., I', with /3(,..., /3(,, linearly independent over R. For the last 
part of Theorem 14.151 this replacement would cause problems, as if (do, 0) ^ X 
we can have /i'(do,0) ^ 0 for h' as in (15.121) . Therefore, as in the last part 
of the theorem, we now assume that ,..., /3fe from the theorem are linearly 
independent over R, and take fi, gt, I3i, hj to be as in the theorem, without 
replacement. We also drop the standing assumption that (do, 0) G X. 

The analysis above shows that (do, 0) G X if and only if 0 lies in the closure of 
the r.h.s. of (j5.28|) . if and only if there are solutions (xi,..., xat, 0,..., 0) to the 
equations of (15.2811 with xi,..., xn > 0 arbitrarily small. Setting Cj = — logXj, 
we see (do, 0) G X if and only if there exist solutions (ci,..., cat) to the equations 
in (15.301) with Ci,..., cat ^0 large in R, and so also with ci,..., cjv ^0 large 
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in N, as aj,bl,sl,tl G N. Such solutions (ci,...,CAr) G P'^ cannot lie in any 
boundary face of N'^, and so not in any boundary face of Q'^. 

Conversely, if P'^ in (I5.29P does not lie in any boundary face of Q'^, then the 
r.h.s. of (I5.30|) does not lie in any boundary face of and so contains solutions 
(ci,...,cjv) with Cj > 0 for j = Then {xi,... ,Xn, zi,..., Zn) = 

,..., , 0,..., 0) satisfies the equations of (15.301) for t > 0, and taking 

t ^ oo shows that (Jq: 0) G X. Thus, (^O: 0) G X is equivalent to the condition 
that the r.h.s. of (14.51) (i.e. equation (15.291) ') does not lie in any proper face 
F C Q'^ of the toric monoid Q'^. This completes the proof of Theorem 14.151 


5.3 Proof of Theorem 14.261 

Let g : X ^ Z and h : Y Z he interior maps of manifolds with g-corners. 
Suppose (a;, 7 ) G C{X) and {y,S) G C(Y) with C{g)[(x,j)] = C{h)[{y,d)] = 
(z, e) in C{Z). Then we have a commutative diagram with exact rows p.32l) 


0 


0 


'’Nc(x)\{x,j)® _^ 

^Nc(Y)\{y,5) 

'’Nc{Z)\iz,e) - - - 


^T,X © _ 

%Y 

^ ^T,Z -^ 


%,^)(C(X))© 
-'>r(,,,)(C(z))--0. 


If g, h are b-transverse, the central column is surjective, so the right hand column 
is surjective, and C{g), Cih) are b-transverse, as we have to prove. 

Now suppose 5 , h are c-transverse. Then they are b-transverse, so C{g), C{h) 
are b-transverse from above, which is the first condition for C{g),C{h) to be 
c-transverse. We have a commutative diagram with exact rows 

^NciY)\iy,S) ^NyY 

|”’.^C(g) !(«,«) ^‘’Nxg(B'’Nyh ^'’N^^^y-)C(g)(B'’N(^y,s)C(h) 

0-- '^C(Z)|(Z..)-- -- ^iV(,,,)(C(Z))-- 0. 

As g, h are c-transverse, the central column is surjective, so the right hand 
column is surjective, the second condition for C{g),C{h) to be c-transverse. 

We have a commutative diagram of monoids with surjective columns 


M^X- 


M(x,®C{X) 


M^g 


M(x,y)C{g) 


■M,Z- 


Myh 


■MyY 


■ M^.,e)C{Z ). 


M(y,S)C{h) 


I (5.33) 


■M^y^s)C{Y). 


Equation (14.101) for g,h at x,y is constructed from the top line of (I5.33L and 
(14.101) for C{g),C{h) at (x,j), (y,S) from the bottom line of (15.331) . Thus the 
columns of (j5.33l) induce a morphism from (14.101) for g,h at x,y to (14.101) for 
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C{g),C{h) at (x, 7 ), {y,S). As g,h are c-transverse, (14.101) for g,h at x,y does 
not lie in a proper face of M^X x MyY, so surjectivity of the columns of (I5.33|) 
implies that its image in Mi^x,'y)C{X) x M(^y^s)C{Y) does not lie in a proper face 
of M(^x,-y)C{X) X M(^y^s)C{Y). Thus (14.101) for C{g),C{h) at {x,^),{y,5) does 
not lie in a proper face of Mi^^^^'^C{X) x M(^y^g'jC{Y), the final condition for 
C{g),C{h) to be c-transverse. This completes the proof. 

5.4 Proof of Theorem 14.271 

Suppose X,Y, Z,g,h, W° and W = W° are as in Theorem 14.271 We first prove 
that W is an embedded submanifold of A xY, with dim W = dim X + dim Y — 
dimZ. Suppose {x,y) € W. Then g{x) = h{y) = z € Z, since this holds 
for all {x',y') S W° and extends to W = W° by continuity of g,h. Thus 
’^Txg © ^Tyh : ^T^X © ^TyY ’^T^Z is surjective by b-transversality. 

Let X,Y,Z near x,y,z be modelled on Xq x R™, A/j x R",A 5 x R'* near 
((5o, 0) respectively, for toric monoids Q, R, S and m,n,q ^ 0, and write points of 
A, Y, Z near x, y, z as {u, x), {v, y), {w, z) for u G Xq, x = {xi, ..., Xm) G M™, 
V G Xr, y = (yi,..., 2 /„) G R”, tu G Xs, z = {zi,...,Zq) G M"*. Then 
write g, h near x, y as g{u, x) = {G{u, x), {gi{u, x),..., gq{u, a:))) = {w, z) and 
h{v,y) = {H{v,y),{hi{v,y),... ,hq{v,y))) = (w,z). 

Set p = ranks'. Choose si,..., Sp G S which are a basis over R of S ©n R. 
Then from the definitions in 113.21 one can show that 

{(cr,cr) : cr gA^} = {(cti, 0 - 2 ) £ Ag X A^ : As,(cri) = As,(cr2), * = 1, ■ • ■ ,p}, (5.34) 

although the analogue with Ag in place of Ag need not hold, as si,..., Sp may 
not generate S as a monoid. From (I4.11|) and (15.341) it follows that for open 
neighbourhoods U of (x, y) in A xF and V of (Jo, <5o, 0,0) in Aq x A/jxR*” xR", 
we have an identification 

W° nU = {{u,v,x,y) G V° : A^, o G{u,x) = X^. o H{v,y), i = l,...,p, 

gj{u,x) - hj(v,y) =0, j = 

We now apply Theorem 14.151 with Q x R,m + n,p,q,Xsi o G{u,x), Xg- o 
H{v,y),gj(u,x) — hj{v,y) in place of Q,n,k,l, fi,gi,hj, respectively, noting 
that Xq X Xr = Xqxr- The fact that ^Txg © ^Tyh : ^TxX © ^TyY ^TzZ is 
surjective and si,..., Sp are linearly independent in S ©n R implies that 

M[A^. oG(M,a;)]|(5„_5„,o.o) - ^d[A,, o iJ(v, i = l,...,p, 

d[gj{u,x) - hj{v,y)]\,^s^^so,o,o): j = 1, ■ • ■ 

are linearly independent in p o)(^'3 ^ ^ ^ R"). So Theorem 14.151 

implies that in an open neighbourhood U' of (x,y) in 17 C A x F, VF = W° is 
an embedded submanifold of 17, of dimension rank Q + rank R + m + n—p — q — 
dim A + dimF — dimZ. As this holds for all (x,y) G W, W is an embedded 
submanifold of A x F, with dimW = dim A + dimF — dimZ. 
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Write e : W ^ X and f : W ^ Y for the compositions of the inclusion 
W ^ X X Y with the projections to X, Y. Then e, / are smooth, and interior 
as C X Y° so that e{W°) C f{W°) C Y°, and g o e = h o f 
as g{x) = h{y) for all {x,y) G W. We claim that (14.71) is a Cartesian square 
in ManP. To prove this, suppose e' : W X, f' : W' —>■ Y are interior 
morphisms of manifolds with g-corners, with goe! = ho f. Consider the direct 
product (e', /') : W X xY. As e', /' are interior with g o e' = h o f we 
see from (14.91) that {e', f')[W'°] C W° C X° x Y°. So taking closures implies 
that (e', f')[W'] CW° = W C X xY. 

As the inclusion W ^ A x y is an embedding. Corollary 14. Ill implies that 
b = (e', /') : W —>■ W is smooth, and in fact interior, and is unique with 
e' = e o b and f — f o b. This proves the universal property for (IQ) to be 
Cartesian in ManP, soW = X Xg^z,h y is a fibre product in Man?^. 

5.5 Proof of Theorem 14.281 

Suppose g : X ^ Z and h : Y ^ Z are c-transverse morphisms in Man?^. Then 
g, h are b-transverse, so Theorem 14. 2 71 proved in (15.41 shows that a fibre product 
W = X Xg^z,hY exists in ManP, where as an embedded submanifold of A x y 
we have W = W° for 147° given by (I4.11L with dimW = dim A + dim y —dim Z, 
and projections e : W ^ X, f : W ^ Y mapping e : (x, j/) i—>■ x, / : (x, y) i—>■ y. 

We first show that as g,h are c-transverse, W C A x y has the simpler 
expression W = {(x, j/) G A x y : g{x) = h{y)}, as in (I4.12|l . Clearly W C 
{(x,j/) G A X y : g{x) = h{y)}, since iy° C {{x,y) eX xY : g{x) = h{y)} by 
(|4.11L ly = iy°, and g, h are continuous. 

Suppose X G A and y & Y with g(x) = h{y) = z € Z, but do not assume 
{x,y) G W. Follow the proof of Theorem 14.271 in ( 15.41 up to the point where we 
apply Theorem 14.151 As g, h are c-transverse, ^Nxg © ^Nyh : ^NxX © ^NyY —>• 
^NzZ is surjective. In the notation of Theorem |4T5] we can identify ^Nxg(B^Nyh 
with /?! © • • • © /Ife : Hom((5, R) —>• R^, so ’^Nxg © ’^Nyh surjective is equivalent 
to /?i,..., /3fc linearly independent over R in Q ©n K, which is a hypothesis of 
the last part of Theorem 14.151 

Now W, (x, y), (14.1011 . MxX x MyY above are identified with A, (^o, 0), (|4.5p 
and Q'^ in Theorem 14. 151 respectively. Thus the last part of Theorem 14.1 51 savs 
that (x, y) G W if and only if the submonoid (14.101) is not contained in any proper 
face F C MxX x MyY of MxX x MyY. The latter holds by Definition l4.24l as g, h 
are c-transverse, so (x,y) G W. Therefore {(x,y) G A x y : g(x) = h(y)j C W, 
so VF = {(x,y) G A X y : g(x) = h(y)j, proving (14.121) . 

We can now show W is also a fibre product A Xg^z.h Y in Man®° using 
Corollary 14.111 following the proof for Man?^ in (15.41 but without supposing 
e', /' are interior. This proves the first part of Theorem 14.281 

For the second part, C{g) and C{h) are c-transverse in Man®° by Theorem 
14.261 so by the first part (extended to Man®° in the obvious way), setting 

^ = {((Fy),(y,S)) G C(A) x C(y) : C(y)[(x,7)] = C{h)[{y,S)]}, 
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then W is a submanifold of mixed dimension of C{X) x C{Y), and is a fibre 
product W = C{X) Xc(g),C(z),c(h)C{Y) in both Mans‘S and Manf°. Applying 
the universal property of the fibre product to (14.131) gives a unique map b : 
C{W) W, which is just the direct product {C{e),C{f)) : C{W) —>• C{X) x 
C{Y) D W. We must show 6 is a diffeomorphism. 

From the construction of W in asu we see that the strata S^{W) consist 
locally of those points {x,y) € X x Y with x € S^{X), y e S'^{Y) and g{x) = 
h{y) = z € S^{Z) for some fixed strata S^{X), S^{Z) of X, F, Z. That is, 

locally S'‘{W) = S^{X) Xgi(^z) S’^{Y). As this is a local transverse fibre product 
of manifolds without boundary, it has dimension dim IF — i = (dimX — j) + 
(dimF — k) — (dimZ — 1), which forces i = j + k — 1. This shows that 

SHW)= U (5.35) 


where S^’\X) = S^{X) n g-\S\Z)) and S’^’^Y) = S"=(y) n h-^{S\Z)), and 
the fibre products in (15.3511 are transverse fibre products of manifolds. 

Since IF € Man®^^ it is a disjoint union of manifolds with g-corners of 
different dimensions, which range from 0 to dim IF. Write IF® for the component 
of IF of dimension dim IF — i, so that IF = IF®. Then 

IF® = U Cj(X) Ci(Y), (5.36) 

where Cj(X) = Q(X) n C( 5 )-i(Ci(Z)) and C[(F) = CkiY) n C{h)-\CiiZ)), 
and the fibre products in (15.361) are b-transverse fibre products in ManP^. Re¬ 
stricting to interiors gives 


(1F®)° 


j,k,l^0:i=j+k-l •’ 


(5.37) 


where the fibre products in (15.3711 are transverse fibre products of manifolds. 

Mapping {x,j) x gives a diffeomorphism Cj{X)° —)> S^{X), which identi¬ 
fies cfiX)° ^ S^’‘{X), and similarly Ck{Yy ^ S"®(F), Cl{Y)° ^ S"®’'(F), and 
Ci{Z)° = S^Z). So comparing (|5.35p and (j5.37l) shows we have a canonical 
diffeomorphism S^{W) ^ (IF®)°. But S'®(1F) ^ C'i(lF)°, so C'i(lF)° ^ (1F®)°. 
One can check that this diffeomorphism Ci{W)° —>• (1F®)° is the restriction to 
Ci{W)° of b : C'(IF) —>• IF. Therefore b\c{w)° ■ C'(1F)° —>• 1F° is a diffeomor¬ 
phism of the interiors C'(1F)°, 1F°. 

There are natural projections Hi : CiW) —)• A x F by composing 11 : 
C'(IF) —!> IF with IF ^ X X F, and 112 : IF ^ X x F by composing 11 x 11 : 
C'(X) X C'(F) ^ X X F with IF C'(X) x C'(F). Both ni,n 2 are proper 
immersions, and Bi = 112 o b. One can prove using Corollary 14.111 that b : 
C'(IF) —>■ IF smooth with b\c{w)° ■ C'(1F)° —>■ 1F° a diffeomorphism and 111,112 
proper immersions with Hi = 112 o 6 together imply that & is a diffeomorphism. 
Therefore (14.131) is Cartesian in both Man®'® and ManP^, as we have to prove. 
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For the last part, the grading-preserving property (14.141) holds on the interior 
C{W)° by (I5.35I) - (I5.37I) . and so extends to C{W) by continuity. This completes 
the proof of Theorem 14.281 
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